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Partitioned Linear Block Codes for Computer
Memory with “Stuck-at” Defects

CHRIS HEEGARD, MEMBER, IEEE

Abstract—Linear block codes are studied for improving the reliability of
message storage in computer memory with stuck-at defects and noise. The
case when the side information about the state of the defects is available to
the decoder or to the encoder is considered. In the former case, stuck-at
cells act as erasures so that techniques for decoding linear block codes for
erasures and errors can be directly applied. We concentrate on the compli-
mentary problem of incorporating stuck-at information in the encoding of
linear block codes. An algebraic model for stuck-at defects and additive
errors is presented. The notion of a “partitioned” linear block code is
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introduced to mask defects known at the encoder and to correct random
errors at the decoder. The defect and error correction capability of
partitioned linear block codes is characterized in terms of minimum
distances. A class of partitioned cyclic codes is introduced. A BCH-type
bound for these cyclic codes is derived and employed to construct parti-
tioned linear block codes with specified bounds on the minimum distances.
Finally, a probabilistic model for the generation of stuck-at cells is pre-
sented. It is shown that partitioned linear block codes achieve the Shannon
capacity for a computer memory with symmetric defects and errors.

I. INTRODUCTION

INEAR block codes can be used to improve the
Lreliability of message storage in an imperfect com-
puter memory. We consider a memory that is composed of
n cells. Each cell is expected to store one of ¢ symbols. We
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are concerned with two types of imperfections that affect
individual memory cells. The first type is a defective mem-
ory cell that is unable to store information. For example,
some of the cells of a binary memory may be stuck at 0,
and when a 1 is written into a stuck-at-0 cell, an error
results. The second type of imperfection is a noisy cell
which is occasionally in error. The distinction between
these two types of imperfections is that stuck-at defects are
permanent, while errors caused by noise are intermittent.
Often the terms hard and soft errors, respectively, are used
to describe these sources of error.

By testing the memory it may be possible to determine
the locations of the stuck-at cells. The side information
that describes the state of the defects can be incorporated
into the decoding or into the encoding of linear block
codes. When the locations of the stuck-at defects are
known at the decoder, these cells act as erasures. Thus
techniques for decoding linear block codes with random
errors and erasures can be directly applied as in Stiffler
[13]. In this paper we consider the complimentary problem
of incorporating stuck-at information in the encoding of
linear block codes.

The origin of this problem is a paper by Kusnetsov and
Tsybakov [1]. They consider coding for binary memories
that have a fixed fraction p of stuck-at cells. The assump-
tion is that the location and nature of the defects are
available to the encoder and not to the decoder.

They define a code as a partition of the set of all binary
sequences of length »n into 2% disjoint subsets
{Ag, Ay,---,A_1}. A message is associated with each
subset. It is desired that when a k-bit message w €
{0,1,---,25 — 1} is given to the encoder, along with a
description of the stuck-at cells of the memory, a sequence
x € A,, can be found that agrees with all of the defective
cells. This compatible sequence can then be stored without
alteration. The decoder, recognizing that the sequence be-
long to subset 4, can infer that message w was stored.

A binary linear block code can be used to define such a
partition code. Let G and H be the [ X n generator and
k X n parity-check matrix for a binary [n, /] linear block
code (k + !/ = n). Each matrix has full rank and GH’ = 0.
For each k-bit message vector w define

A, = {ylyH' = w}.

These sets are known as the cosets of the code and they
partition the binary n-tuples into 2% subsets of equal size
@2h.

The decoder for these linear block codes takes the re-
trieved vector y and sets w = pH'. Suppose that a memory
has u defects at locations 1 < i; <i, < -+ <i, < nand
these cells are stuck at s, 5,,---,s5, € {0,1}. Let x be any
vector with xH' = w (i.e.,, any vector that would be de-
coded as w). The encoder tries to solve the matrix equation

g —_— —_— . e —
dG——[s1 Xis Sy = Xp, 0,8, xiu]

for d an [/ vector, where

G = [gil’ 8ip ’giu]

is the / X u submatrix of G that involves the u defects. If a
solution is found then y = x + dG is stored. Note that
Vi, =51, Y, = 83507 Y;, = 5, and yH' = w so that it will be
correctly decoded. In order to guarantee that every mes-
sage be correctly decoded for every memory with # or
fewer defects, it is necessary and sufficient that every
submatrix G’ have rank u, i.e., the columns must be
linearly independent. Thus u# can be as large as the mini-
mum distance, minus one, of the dual code which is
generated by H. For example, the [n,1] repetition code
with G=[1 1 1] can store » — 1 bits in any
memory with one stuck-at cell. The [n = 2/ — 1, [] binary
simplex codes (dual of the Hamming codes) can store
k =2'— 1 — [ bits in a memory with two stuck-at cells.

Codes that are capable of correcting both defects and
random errors are obtained by partitioning random error
correcting codes. Let % be a binary error-corrécting code
of length n and size |#| = 2**’. Partition %into 2* subsets
{4y, Ay, - +sAp_1}. Then given we {0,1,---,2F - 1}
and a description of the defects of the memory, the encoder
selects a sequence x € 4, that is compatible with the
stuck-at cells. The decoder observes y = x + z, a noisy
version of x. By using the error correction capability of the
code, an estimate £ € %is obtained. Finally the message is
retrieved by identifying the subset of % to which £ belongs.

A binary [n, k, I] partitioned linear block code is de-
fined in terms of an [n, kK + /] linear block code with an
[n, I] subcode. Let G,, G,, H, and G, be full rank binary
matrices of sizes / X n, k X n, r X n, and k X n respec-
tively (k + I + r = n). Assume that the (k + /) X n matrix
G =[G}, G})* and the matrix H are the generator and
parity-check matrices for an [#, k + /] linear block code ¥
(i.e., rank (G) = k + I, GH' = 0), G,G! = 0 and G,G: = L
Then

A, = {ylyH = 0,yG} = w}

partitions % into 2* subsets each of size 2". The following
example illustrates such a code.

Example: Suppose we would like to store 3 bits of
information (k = 3) in a binary memory of block length
n =7 and protect this information against a single stuck-at
cell, known at the encoder, and a single random error.

We can define an [n = 7, k = 3,/ = 1] partitioned linear
block code by

ul
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The matrix G =[G, G{]’ is a generator for the [7], [4]
single error correcting Hamming code. Suppose, for exam-
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ple, we would like to store the message w =[1 1 0] and
the memory has a stuck-at-1 defect in the third position
and a random error in the fourth position. The encoder
first computes wG; =[1 1 0 0 1 0 0] Since this
codeword has a 0 in the third position and the encoder is
told that this cell is stuck-at-1, the encoder stores x = wG,
+G,=[{0 0 1 1 0 1 1]. Note that this sequence
agrees with the defect, thus avoiding a defect-induced
error. The decoder then retrieves

y=[0 010 0 1 1]

which has an error in the fourth position. Computing
s=yH' =[1 1 0], the decoder corrects the fourth posi-
tion by recoginizing the syndrome as the fourth row of H".
Finally, we get a correct estimate of the message W = £G:
=[1 1 0]

~ Kusnetsov and Tsybakov [1] show that for binary mem-
ory with defects, it is sufficient to inform the encoder of
the location and nature of the defects. By allowing the size
of the memory n to become large, they prove the existence

of codes that are capable of storing messages, without -

error, for any rate R 2 k/n <1 — p (p = fraction of de-
fects). This paper initiated the search for codes that are
capable of correcting a fixed number of defects [2]-[4]. In
[5], Tsybakov looks at linear block codes for the defect
problem and shows that the asymptotic rate for the best
linear block code, under the guaranteed correction crite-
rion, satisfies

1-h(p)<R<1-k((1-V1-2p),2)

for 0 < p <1/2; h(p) is the binary entropy function.
Since it is generally true that 1 —p > 1 — A((1
— V1 —2p)/2) we see that these codes are suboptimal
under this criterion. Tsybakov {6] goes on to introduce the
problem of coding for binary memory with both defects
and random errors. He again considers the asymptotic
rates achievable by linear block codes under a guaranteed
correction criterion. This paper led to [7] where a scheme
for correcting defects and random errors is described.
Many of these results are summarized in [8].

In an attempt to further understand the problem of
defective memory, Gel’'fand and Pinsker [9] put forth a
probabilistic model for the existence of defects and random
errors in computer memory. They define the capacity to be
the largest rate R for which there exist codes, for some
(possibly large) block length n, that exhibit an arbitrarily
small average error probability. They determine the capac-
ity for these memories when the state of the defects is
available only to the encoder. In [10], Heegard and El
Gamal develop a similar probabilistic model for defective
memory. They determine a lower bound to the capacity of
these memories when complete or partial defect informa-
tion is available to the encoder or to the decoder. This
bound yields the capacity for several cases including all
cases involving complete description of the defects. In this
paper we are primarily interested only in the case when the
encoder is told the state of the defects.
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In Section II we introduce an algebraic model for stuck-at
defects and additive errors. This model assumes that g, the
alphabet size of the memory, is a power of a prime. To find
codes that efficiently incorporate the defect information in
the encoding process we define the class of partitioned
linear block codes (PLBC’s); In [6], these codes are called
matched adjacent codes. The guaranteed defect and error
correction capability of these codes is described.

Section III introduces the class of partitioned cyclic
codes. The BCH bound for these codes is derived and used
to construct partitioned linear block codes with guaranteed
defect-and-error-correction capability. Two examples are
given of the code construction procedure, one for g = 2
and one for ¢ = 3. Parameters of binary codes for several
block lengths are tabulated.

In Section IV, we turn our attention to the question of
reliable storage of messages using partitioned linear block
codes. The capacity of a class of g-ary symmetric memory
cells is derived using the information-theoretic model [9],
[10]. We show that the class of partitioned linear block
codes achieve capacity for these memories.

The fact that partitioned linear block codes achieve
capacity means that with minimum distance encoding and
decoding we can achieve arbitrarily small error probability
(for long block lengths) for any rate less than capacity. On
the other hand, under a guaranteed defect and error correc-
tion criterion, the rate of the best PLBC’s will necessarily
be smaller than the capacity [6]. Thus PLBC’s with subop-
timal encoding and decoding, constrained to encode and
decode only for defects and errors within the guaranteed
correction capability of the code, will result in an asymp-
totic rate less than the capacity. We can conclude that
while the class of PLBC’s contain “good” codes in the
sense of error probability, we may need to make a sacrifice
in the storage rate in order to apply suboptimal encoding
and decoding algorithms.

Before proceeding we note the analogy between informa-
tion storage and information transmission. Natural similar-
ities exist between the notions of space and time, memory
and channel, data storage and data transmission, data
retrieval and data reception. We can measure information
in bits per cell or bits per second. Information and coding
theory need not differentiate these notions. Thus the choice
of terminology is a function of the nature of the problem to
which the theory is applied. In this paper we have chosen
the language of information storage as we feel that the
codes that are discussed will find more application in this
arena.

II. PARTITIONED LINEAR BLOCK CODES

A. Model of a Defective Memory with Errors

We begin by developing an algebraic model for a com-
puter memory with g-ary inputs and outputs. This model
assumes both stuck-at defects and additive errors.

Let g be a power of a prime and F, be the field with ¢
elements. Let F." denote the set of all n-tuples over F,. (¥
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is an n-dimensional vector space over F,.) Define an addi-
tional character “A”, F F,U {A} and define the “°”
operator °: F, X F - F by

xos={x’ ifs =A;
s, if s #A.

An n-cell memory with defects and errors is defined by

(2.1)

where x is the stored vector, z is the error vector and s is
the defect vector. The addition “+” is defined over the
field F, and both + and ° operate on the vectors compo-
nentw1se It may seem more general to allow both input
and output errors, e.g., y = ((x + z;)°5) + 2,). However,
we can always redefine the error vector z £y — ((x +
Z,)°s) — z, and obtain (2.1).

Example: Let q=2,n=6,x=[0 0 0 0 0 0],z
=0 0 01 1 1, and s=[A 0 1 A 0 1]
Theny=[0 0 1 1 1 0]

The number of defects u is equal to the number of non-A
components in § or

y=(x°s) +z,

u= max||(xes) — x|,
xEF]

where || - || is the Hamming weight of the vector. The
number of errors is defined by ¢ = |jz|. In the above
example, u = 4, t = 3.

B. Block Encoders and Decoders

An (n, k) block code consists of a set of g* messages, an
encoder function that maps the message and the state
vector s into an input vector x

£.:{0,1,--
and a decoder function that estimates the message from the
output vector y
. k
foi Fy = Lk =1}

A code is said to be a u-defect, r-error correcting code if
for every message w € {0,1,---,¢¥ — 1} and any memory
with u or fewer defects and ¢ or fewer errors

ful(fo(w,5)os) +2) =

q* =1} X E} > Fy

{0’1,. .

C. Definition of Partitioned Linear Block Codes

For linear block codes we take the messages as vectors in
the set Ff. An [n, k] linear block code ¥C F is a
k- dlmensmnal linear subspace since it forms a group under
vector addition and is closed under scalar multiplication.
The cardinality || = ¢*. Any k linearly independent vec-
tors from the code ¥ (all vectors are taken as row vectors)

can be used to obtain a k X »n generator matrix G. Then
€= {x € F|lx =wG;we Fq"}.

A parity-check matrix H is any k X r matrix (k + r = n)
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of rank r over F, such that GH' = 0, ,, the k X r zero
matrix. Then
€= {x € F/|xH' = 0}.
The dual code is defined as the [n, r] LBC generated by H.
An [n, k, [] partitioned linear block code (PLBC) is a
pair of linear subspaces ¢, C F', €, C F; of dimension k
and / such that ¥, N %, = {0}. Then the direct sum

€26+ 6L (x=y+zlyE b,z %)}

is an [n, k + [] LBC with a generator matrix G = [G{, G},
where G, generates ¢, and G, generates %, and r X n
parity-check matrix H with k +/+ r =n. A message-
inverse matrix G, is defined as any k X n matrix with
G,G! = I, (the k-dimensional identity), and G,G! = 0y«
Slnce a PLBC involves two generator matrices G, and G,
and a parity-check matrix H, several dual codes can be
defined. The (I, r)-dual code is defined as the [n, k, r]
PLBC with generator matrix [G!, G}]* for €. For the
(1, r)-dual code we may take G, as the parity-check matrix
and G, as the message-inverse matrix.

D. Encoding and Decoding PLBC’s

The following minimum distance encoding and decoding
algorithms minimize probability of error for the memories
which are modeled in Section IV in this paper.

Choose an [n, k, I] PLBC and fix G,, G,, H, and G,.

Encoding: To encode w € F} store x = wG, + dG,
where d € Fq’ is chosen to minimize ||(x°s) — x||. Note
that xG| = w.

Decoding: Retrieve y = (x°s) + 2. Compute the syn-
drome s = yH’; note that s = z’H' where z’ =y — x.
Choose £ € F that minimizes ||Z|| subject to £H f=g,
Then w = £G! where f=y—-1

E. Systematic Form

An [n, k, I] PLBC is said to be in systematic form if we
can find generators of the form G, =[I, 0,, P] and
G, =[R I, Q]where Pisak X rmatrix, Risan !X k
matrix and Q is an /X r matrix. Thus for systematic
generators, the message w with a “cover” sequence dR
added to it forms the first k symbols of the stored vector x
and the “cover message” d forms the K+ 1 to k +/
components of x. In this form we may take H = [— P’
—(Q + RP)1,]and G, = [I, — R" 0, ,].

F. Correction Capability of PLBC’s

The distance profile of an [n, k] linear block code is
defined as the set of Hamming weight enumerators { 4;}
where

= |{x|xH' = 0, ||x|| = i }|.

Given any x in the code, 4, is the number of codewords
that are distance i from x. The minimum distance d for the
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code is defined by
d= min |[x|.
x#0
xH'=0
Thus d is the smallest number of linearly dependent col-
umns of H. Note that A;=1, 4, =0 for 0 <i < d, and
A,;> 0.

The distance profile of an [n, k, /] PLBC is defined as a
pair of sets ({A }, {B;}), where { A4, } is the distance profile
of the [n, k + /] linear block code with parlty-check matrix
H and { B;} is the distance profile of the [n, & + r] linear
block code with parity-check matrix G,. The distance
profile for the (/, r)-dual PLBC is the pair ({ B;}, {4,}). A
PLBC has a pair of minimum distances (d;, d,;) where

d, = min |x]
xG{#0
xH'=0

and

dy, = min ||x|.
x#0
xGi=0

Note that d; is greater than or equal to the minimum
distance of the [n, k -+ /] linear block with parity-check
matrix H, while d, is the minimum distance of the [n, k + r]
code with parity-check matrix G,. Thus 4, = B, =1, B, =
0 for 0 <i<dy 4, >0 and B, >0, yet it may be
possible that 4, > 0 for 0 < i < d,.

Theorem I: An [n, k, ] with minimum distances
(dy, dy) is a u-defect, t-error correcting code if
u<d, and 2t<d,

or
u>d, and 2(u+:t+1-d,) <d,.

Given an [n, k, /] PLBC with distance profile ({4,},
{B;}), we can find an [n, k,/] PLBC with systematic
generators and the same distance profile.

A proof of this theorem can be found in the Appendix.

Example: Let ¢=2, n=15 k=6, u=3, and r = 1.
We can generate a 3-defect, 1-error correcting (15, 6, 5)
PLBC by

100000 00000 1100
010000 00000 0110
G. — | 001000 00000 0011
171000100 00000 1101
000010 00000 1010
| 000001 00000 ©0101 _
110010 10000 1110
011001 01000 0111
G, = | 011110 00100 1101
101111 00010 0110
100101 00001 1101 |
100110 10111 1000
g — | 110101 11100 0100
011010 11110 0010
| 001101 01111 0001 ]
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and
100000 10011 0000
010000 11100 0000
G = 001000 (01110 0000
t 000100 00111 0000
000010 10110 0000
000001 01011 0000

which has (d,, dy) = (3,4).

II1. Tae CLASS OF PARTITIONED CycLIC CODES

We now consider a more restrictive class of PLBC’s, the
class of partitioned cyclic codes. The additional structure
imposed by these codes may be useful both in the imple-
mentation of encoders and decoders and in the construc-
tion of codes with specified bounds on the correction
capability.

A. Polynomials

In discussing cyclic codes it is useful to consider a
codeword as a polynomial over F, of degree less than n.
Define the set of polynomials over F,

R0 = {F01f) = £ i f .

The set of polynomials of degree less than n is denoted by
F/(x). We may define an isomorphism between the n-
dlmensmnal vector space and the set of polynormals of
degree less than n, ¢ ' = F'(x) by

" n—1
1] = e(x) = E C; X

i=0

vic=[cg, 1o s

F'(x) forms a ring under polynomial multiplication mod-
ulo x” — 1; thus the isomorphism induces a ring structure
on F/.

B. Cyclic Codes

An [n, k] LBC % is a cyclic code if and only if every
cyclic shift of a codeword is also a codeword. A cyclic LBC
is an ideal in the ring F;'(x) of polynomials modulo
x" — 1. It is known that every cyclic code has a unique
monic polynomial g(x) of degree r, such that

&= {c(x) € F}(x)le(x) = w(x)g(x)

for some w(x) € Fq"(x)}.
The generator polynomial g(x) must divide x” — 1, thus
we may define a parity-check polynomial A(x) = (x" —

1)/g(x), of degree k. Then an equivalent definition for a
cyclic code %is

¢= {c(x) € F(x)le(x)h(x) = 0mod x" — 1}.

An [n, k, [] partitioned cyclic code (PCC) is an [n, k, /]
PLBC such that both ¥and % are cyclic LBC’s. Note that
%= %, + €, does not imply that %, is a cyclic code. An
[n, k, I]1 PCC has two generators, g(x) of degree r (n = k
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+ [ + r) and g,(x) of degree k + r such that g(x)|gy(x)
and go(x)|x" — 1. We might take

@, = {c(x) & Ff*7(x)le(x) = w(x)g(x)
for some w(x) € Fq"(x)},

since specifying € and %, does not uniquely define %,. In
this case, we may take

g(x) 8o(x)
xg(x) xgo(x)
G, =| x(x) |, G,= ngo(x) ,

ka“l.g(x)_ e (x |
and

h™(x)
xh~(x)
x?h~(x)

_x"li;_(x) |

where £7(x) = x**'h(x~!) and A(x) = (x" — 1)/g(x).

Define hq(x) = (x" — 1)/gy(x), the parity-check poly-
nomial for %,. The (/, r)-dual code is an [n, k, r] PCC
with /,(x) as the generator polynomial for ¥ and A(x) =
(x" — 1)/g(s) as the generator polynomial for %,,.

C. Encoding and Decoding of Partitioned Cyclic Codes

Choose an [n, k, 1] PCC and define g(x), g,(x), #(x),
and hy(x).

Encoding: Store c¢(x) = w(x)g(x) + d(x)ge(x), where
d(x) € F}(x) is chosen to minimize [|(c(x)° s(x)) — c(x)ll.

Decoding: Retrieve y(x)= (c(x)os(x)) + z(x). Com-
pute the syndrome S(x) = y(x)mod g(x). Choose Z(x) €
F'(x) which minimizes || 2(x)|| subject to Z(x) mod g(x) =
S(x). Then

) = 0) = 2 mod ()

g(x)

D. Factors of x" — 1

In order to find a bound on the minimum distance of
cychc codes, it is useful to characterize the factors of
x" — 1 over both F, and the splitting field of x" — 1. We
borrow our notatlon from MacWilliams and Sloane [11].

Assume that n and g are relatively prime, and let m be
the smallest positive integer such that n|g™ — 1. Then F_~
is the splitting field of x” — 1 and

H (x — o) = [TMO(x),
ie]
where a € F,m is a primitive nth root of unity, { M"(x)}
are the irreducible factors of x” — 1 over F, and I C {0, n
— 1} is a set of coset representatives for the cyclotomic

cosets modulo n over F,. That is, if i € I, then

[ = 3
M(i)(aj)i_ﬂ’ *
#+ 0, otherwise.

E. Partitioned BCH Codes

We now introduce the class of partitioned BCH codes. A
BCH-type bound for PCC’s will be derived. This bound
can then be used to construct codes with specified lower
bounds on the minimum distances. Examples will be given.

Theorem 2: Let g(x) and g,(x) be the generator poly-
nomials for an [n, k, /] PCC and let h,(x) be the parity-
check polynomial for g,(x). If there exists an i, j, §;, and

- §, such that

i+1)= i+81—2)=0

gla') = g(a = g(a

and ‘
ho(a) = ho(@*1) = -+ = ho(al*%072) = 0,

(i.e., g(x) has a string of §; — 1 consecutive powers of « as
zeros, etc.) then

d, = 8,
and
dy > 8.

The proof of Theorem 2 is given in the Appendix.
An [n, k, I] partitioned BCH code of designed distances
(8., 8y) is defined by

g(x)= lcm{ MD(x), MUtD(x),---
and
ho(x) = lem{ MD(x), MU™D(x),- - -, MU~80+D(x))

for some (i, j) under the restriction that g(x)hy(x)|x” — 1,
(i.e., g(x) and hy(x) share no common roots). Then r <
m@b, -, l<sm@— 1), kzn—m(b;, +6,—2),d, >
8,, and d,, = §,.

For g = 2, M(’)(x) = M?)(x); thus we have

8, — 1 30~1]
2 | 2

e n |22+ [ 2 )
Examples: Let g = 2, n = 15. Then |
B+ l=(x+D(x*+x+D(x*+ x>+ x2+x+1)
(P +x+D)(x*+x3+1)
=MO(x)MD(x)MP(x)MO(x)MD(x)

where a* + a + 1 = 0. Then we can construct the codes
given in Table L.
Let ¢ = 3, n = 8. Then

x—1=(x-1)(x*-x—-1)
A(x2+1)(x+ D(x*+x - 1)
= MO(x) MO(x) MO (x) MD(x) MO(x)

’M(i+81—2)(x)}

I<

r<m|

and
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TABLE I
PARTITIONED BINARY BCH CODES FOR 1 = 15
Elt|r & ho(z) 8, g(z)
101|442 HOz) 3 MW)(x)
7|4] 43 H(z) 3 .
s|l1i8]2 MO(z) 5 HYz) HD(z)
6|l4f{5(3 MI(x) 4 HONz) 4V (z)
4|10} 2 MO (=z) 7 | MW (z) MO (z) M) z)
s|lal8]a MM z) 5 MY (z) 4N(z)
2403 " 8 | MO{z) MO)(z) M z)
216|814 M) MN) [ 5 HONz) B (z)
1 (4|10 3 M () 7 | MWz) MO (z) N1 (z)
TABLE 11
PARTITIONED TERNARY BCH CODES FOR 1 = §
EjLir] s ho(z) & g{z)
gl1l1le MW(z) 2 HONz)
41|82 " 3 MO(z) NV (z)
3(1|4]2 . 4 MO (z) M@ (x)
2l1{s6( 2 " 5 | MOz) HO(z) MB(z)
2|3]38( 3| M¥z) MO)(z) || 3 HO(z) HO(z)
1/3(4}3 " 4 MO (z) M®)(z)
TABLE IIT
PARTITIONED BINARY BCH CODES FOR n = 7
k [ r & 5
3 1 3 2 3
1 3 3 3 3
TABLE IV
PARTITIONED BiNaRY BCH CoODES FOR 1 = 31
Eltirdea ale e lra|a]e!lcinid]|s
25 1| 5] 2] 3 15] 5] 11| 3| e}l 10} 10| 11| 5] 8
21| 5] 5| 3! 3/ 15| 8| 10| 4| 5{ 8| 0] 15| 5| 7
20| 1]w0] 2] s{ 11| 5|15 a3l 7| s| 1w 16] 5|8
20| 5 6] 3| 4/ 11| 100] 10| 5| s 5| 11| 15] 6| 7
186 6! 10] 3] 5| 10 5] 16| 3| 8| 1| 15|15 72| 7
15( 11 15] 2] 7] 0] 6! 15] &l 7

where > — « — 1 = 0. Then we can construct the codes in
Table I1.

Tables III-1X list some partitioned binary BCH codes
for block lengths 7, 31, 63, 127, 255, 511, and 1023. These
codes are defined by using the construction procedure with
(7, j)=@0,n~1), (1,0), or (1,n — 1), and /< r. Note
that for an [n, k, /] partitioned BCH code of designed
distance (8}, §,), the (I, r)-dual code is an [n, k, r] parti-
tioned BCH code with designed distance (8,, 6,).
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TABLE V
PARTITIONED BINARY BCH CODES FOR 11 = 63
E | U |r |6 |8k |1 |r|&|&6a]r]lt]re]es
66 1| 81 2| 38 4aaf 71 12| 4!l 5| 35| 1| e27] 2| 11
511 8/ 8| 3! 3139; 6! 18| 3! 7] 23| 6| =24] al| o
601 1| 12| 2| 51 30| 12} 12| 5| 5] 33| 12] 18] 5| 7
60| 8| 7| 8] 48| 1| 2¢| 2{ o 32{ 6 25| 3| 10
46| 8| 12| 38 s 38| 6| 19| 3| B8 32| 7|[=2a] 4] o
44 1|18 2 v(38] 7| 18] 4| 7| 32| 12] 19| 5| 8
44| 8| 13| 3| 6| 38| 12| 13| 5] 8| 32({ 13| 18| 6 7
TABLE VI
PARTITIONED BINARY BCH CODES FOR n = 127
k l r 8 | 6 k 3 r 6 | 6, k 3 r 6o | 6,
119 t | 7] 2| 3| 8| 14] 2] 5| 8| 77| 2] 2] 7| 10
13| 7| 7| 8| 8| 9e1{ 15| 2| 6| 7| 77| 2| 28| 8| 8
12| 1| 14] 2{ s8] 7|35 3{11] 7| 7| a9] 3] 15
1221 7| 8| 3| a4 85} 14} 2| 5| 9f 71| 14 42| 5| 13
106! 7| 14] 3| si{8 |2 2| 7] 7 v|z2a|s| 7|11
105 172 | 2| 784 1]42]| 2| 13 71] 28| 28| o '9
105 7| 15} 3| 6 8| 7| 3] 3| 12] 0| 1| 56| 2] 19
105| B| 14| 4| 58] 8] 35| 4| 11| 7 7] 850] 3] 18
e9 | 71 21| 3] 7{8B4] 14|20 5] 10} 70! B8] 491 4] 15
99 | 14] 14| 5] 5] 84 15| 28| 6] 9| 7| 14| 43} 5] 14
98| 1| 28| 2| 98421 22| 7| 8 70| 15| 42| 6/ 13
o8| 7| 22| 3| 8 | 7| 42| 3| 13 70| 21| 38| 7| 12
98| 8| 21| 4| 7/ 7| 14|35 5|11 70| 2|3 8|1
98| 14| 15| 5| el 8] 21 28| 7| 9| 70| 28] 29| 8| 10
g2 | 7| 2| 3 of 7| 1| 48| 2| 15) 64| 7| 56| 3| 19
92 | 14| 2| 5] 7| 7] 7| 43| 3| 14 64| 14| 49 5| 15
o1 1| 3| 2| 1| 7| 8|42 4] 13 84| 21| 42| 7| 13
o1] 7| 28] 3| 10 7] 14] 3| 5] 12 8a] 28| 36} 9] 11
91| 8| 2| 4| 9 7| 15| 35| 6] 11
TABLE VII
PARTITIONED BiNaRY BCH CODES FOR 1 = 255
k l T 6o | 6: k L T 6o | 01 k 4 T 6o | 6
48| 1| 8| 2| 3|21 8| 32| 3! 96| 17| 32| 6] 8
239| B| 8| 3| 3215 18| 24| 5| 7[206] 28] 25} 7| B
238 | 1| 18] 2| 5|=214] 1| 40| 2| 11 199| 8| 48} 3] 13
298| 68| 9| 3| 4214 833! 3] 10(199 ] 18] 40| 5] 11
231| B| 16| 3! 5|214| 9| 32| 4| 9199 | ¢| 3| 7| 9
230 1| 2¢] 2] 7)=14) 16} 25| 5{ 6(198| 1| 56| 2 15
230 | 8| 17| 3] 6| Ra| 17| 2] 6| 7[198| 8| 49| 3] 14
230} 0| 16| 4| s5f207| 8| 40| 3| 11198 9| 48| 4| 13
223 68| 28| 3| 7{=07| 16| 32| 5| 9fis8]| 16| 41| 5| 12
23| 16| 16| 5| 5|27 | 2| 2¢] 7| 7|18 17| 40] 8] 11
222 | 1| 32| 2| of208] 1|48} 2| 13]198]| 2¢4f 33| 7| 10
222| B| 25| 3| s8f208] B 41| 3| 12198 25} 32| B| 8
222| 9| 2¢} 4| 7)208| 9] 40| 4| 11
222 | 16| 17| 5| 8l=208| 18] 33| 5] 10
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TABLE VIII
PARTITIONED BINARY BCH CODES FOR n = 511

E &7 G0 6]k | & v b0k |17 o] o
so1| 1| o) 2| afava| 9| 28| 3| & |as7| 18| 36| 5] @
43| 9| o 3| s|aral 10] 27| 4| v |asv| 27| 2v| 7| =
a2 1118] 2| sfava) 18| 10| 5] 6|ese| 1| 54| 2] 13
a92) 0] 10] 3| afae6] 0] 28] 3} ofese| o) 6] 8] 12
484 0| 18| 3| s5fss| 18] 27] 5] 7)ass| 10| 45| 4| 11
s3] t|2r| 2| vfaes| 1] 45| 2| 11)ase| 18| 37| s/ 10
s3] o| 10| 3| saes| 9| 37| 3| 10]458| 10| 36| 6| @
83| 10| 18| 4] sf4es| 10] 36| 4| oase| 2v 28| 7| 8

‘ars| 9| 27| 8| 7]ees| 18| 28] 5| 8)|es| 9| sel| 3] 13
ar5) 18| 18| 5| s4e5| 10| 27| 6] 7)ass| 18] 45| 5] 11
ava| 1|98| 2 ofas7| 9! 45| 3| 11|uas| 27| 38| 7] o

TABLE IX )
PARTITIONED BINARY BCH CODES FOR 7 = 1023

E [ L lvr S]]k | t]lr el e |t ]r]t]es
w012 1|10] 2| 3]eee| 1|4 2| oo 21| 0] 8| 7
w003 10 10| 3| afesz| 10| 81| 3| 8fvesa| 10| 0] 3| 1
w002 1]|20| 2| sfosz| 1| s0| al 7[oes| 20| s0] 5] 9
woz| 10 11| 3| 4feee| 20| 21| 5| efoes| 0| 30| 7| 7
w3 | 10|20} 3| s(om| 10} s0| 3| ofeez| 1| e0| 2] 13
o2 | 1]30| 2| 7jea| 20| 30| 5| 7fee2] 0] 51| 3] 12
oz ] w0|21] 3| afore| 1|s0| 2] 110eez| 11] 50| 4| 11
w2 | 11| 20| 4| slorz| 0] a1| 5| 10foez| 20| a1| 5] 10
o83 | 0| a0| 8| 7fovz| 11| 40| 4| 6fve2| 21| 20| 8]
pes 20| 20| s| s{ov2| 20| 81| s afeez| 30| | 2] 8

IV. PLBC’s ACHIEVE CAPACITY

A. A Random Model for Defects and Errors

A stochastic model for the generation of defects and
errors in a computer memory cell is obtained by assigning
probabilities to the defect and error events. The (p, ¢, v)
g-symmetric discrete memoryless memory cell (¢-SDMMC)
is defined by the equation ¥ = (x°S) + Z, where x, Y, Z
€F,SeF, '

1-p, s=X;
P(S=s)= B, sFA,

q
1-—e, z =0,
P(Z=Z'S=A)= € z 0
g-1’ ’

and

-y, =0;
P(Z=:z|IS#\) = Y 240
q-1’ '

The probability of a defect is 0 < p < 1, the symmetric
error probability on a nondefective cell is 0 < e < (¢ —
1)/q, and the symmetric error probability on a stuck-at cell
is 0 < v <€ (¢ — 1)/q. This model allows for errors at both

the input and the output. For example, y = 0 implies only
noise at the input while y = € implies output noise only.

B. Capacity of the g-SDMMC

Assume that a memory is composed of n statistically
independent and identically distributed ¢-SDMMC’s. The
rate of an (n, k) partitioned block code is defined as the
ratio R & k/n, and

P,=P(W+ W)
g1
=g * X P(f(Y) # wix = f(w, S))

w=0
is the probability of error averaged over the message W,
the defect vector § and the error vector Z. A rate R is said
to be achievable if and only if there exist codes of that rate
that exhibit arbitrarily small probability of error. That is,
for any § > 0 there exists an (n, k) partitioned block code
with P, < 8. The capacity C of the memory is defined as
the least upper bound on the set of achievable rates.

Theorem 3: The capacity of the q-SDMMC is
C=1-p+ph(a)—h(B)+(pa—B)log(q—-1),
(4.1)
where h(x)= —xlogx — (1 - x)log(1 —x), B=(1—
pe+pla+y—ayg/qg—1),and 0 < a <1 is the root
o __vq 1-8
1 — o +(1 q—l)IOg 3

- -1 =
q_llog(q 1)=0. (42)

log

All logs are to base g.

The proof of Theorem 3 can be found in the Appendix.
Fory=0anda=B8=¢C= (1 - p)1 - h(e) —elog(q
— 1) ‘

To prove that PLBC’s achieve C we need the following
lemma. .

Lemma: Fix § >0, 0 <e<(g—1)/q and R = k/n.
Let G be a random matrix chosen uniformly over the set of
k X n matrices over the field F,.

a) Let Z € F" be a random vector with independent
and identically distributed components chosen according
to

1—c¢,

P(Z=z)={ €
q-1

z=0;

z# 0. (4.3)

Let Y=wG+Z for any we Ff. If R<1— h(e) -
elog(g — 1) then there exists an n,(8) such that for every
nz=ng ’

p

min |¥ — w'G|| < ||Y — wG||] < 6.
w e Fqk

WEw )
b) Let Y be a random vector chosen uniformly over F".

If R >'1 — h(e) — elog(g — 1) then there exists an ny(6)
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such that for every n > n,

P( min [|¥Y — wG|| > ne) < 8.
we F¥
This lemma is proved in the Appendix.

The first part of the lemma pertains to a channel coding
problem. The channel is the g-symmetric discrete memory-
less channel (¢ — SDMC) with parameter e. The g¢-SDMC
is defined by the equation Y = x + Zwhere Y, x, Z € F,
and Z has the symmetric distribution (4.3). The capacity of
this channel is 1 — A(¢) — elog(g — 1). The lemma implies
that linear block codes achieve capacity since for any rate
R less than capacity, the expected probability of error for a
randomly chosen generator matrix with minimum distance
decoding, can be made arbitrarily small by increasing the
block length n.

The second half of the lemma relates to a source coding
problem. The ¢g-symmetric discrete memoryless source (g-
SDMS) is an independent and identically distributed source
with output letters that are uniformly distributed over F,.
For the ¢-SDMS, the rate distortion function with Ham-
ming distortion € is given by R(e¢) = 1 — h(e) — elog(g ~
1). This is a lower bound on the rate needed to describe the
g-SDMS with expected Hamming distortion at most e.
Again, the lemma implies that linear block codes achieve
the rate distortion bound, since the expected distortion for
a randomly chosen generator matrix with rate greater than
R(¢) can be made arbitrarily close to e by increasing the
block length n.

Theorem 4: Given a (p,€,v) ¢-SDMMC and 6 > 0 let
B=QA-ple+plat+y—ayq/q—1)forsome0 < a <
1. Fix rates R = k/n and R’ = I/n such that

R+ R <1—h(B)—Blog(qg—1)
and
R >p(1 - h(a) — alog(g — 1)).

Then there exists an [n, k, /] PLBC such that for any

W e Ff
P,=P(W=+W)<3.
The proof of this theorem is found in the Appendix.

Theorem 4 shows that PLBC’s achieve capacity. By
combining the bounds on the rates, any rate R satisfying

R<1-h(B)—Blog(g—1)-FR’
<1-p+ph(a) —h(B) +(pa— B)log(g—1)

is achievable. By choosing « as the root of (4.2) we see that
this bound is the capacity (4.1).

V. CLOSING REMARKS

We conclude this paper with a short discussion of two
related issues.

In some computer memories the defects may occur in
“clusters” or “bursts.” The presence of one defective cell
may indicate that adjacent cells of the memory are also
defective. A u-burst defect-correcting code must correct
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any u (or fewer) adjacent defects. An [n, k, /] modified
cyclic code is well suited to the task of correcting a single
burst defect. In fact the redundancy / required by these
codes is equal to the burst length u. The reason for this is
the fact that any / (cyclically) consecutive columns of the
generator matrix G, are linearly independent.

The second issue involves the splitting of defect informa-
tion between the encoder and the decoder. We have as-
sumed throughout that only the encoder or the decoder,
but not both, is given the locations of the defects. It is
better, in some instances, to tell the encoder the location of
some defects and to tell the decoder the locations of other
defects. The following example demonstrates this.

Example: Suppose that we store 10 bits (k = 10) in a
binary memeory (g = 2) and protect this information
against one random error and two stuck-at defects. If we
use an {xn, k] LBC and correct both defects at the decoder,
then a minimum distance d = 5 is required. The Hamming
bound for binary codes (see [11, p. 19]),

B
n—k 2 n

2"k > E,O ( ; )
requires that #n > 18 for k = 10 and d = 5. If we correct
both defects at the encoder using an [n, k, /] PLBC then
minimum distances d; = d, = 3 are required. The Single-
ton bound for binary [n, k] linear block codes with mini-
mum distance d ([11, p. 33)), n—k>d— 1, can be
combined with the Hamming bound to obtain

%] ]

2"k > max {241 Y (?),2*-1 y (?)

1=0 i=0

for [n, k, 1] PLBC’s with minimum distances d,, d,,. For
k = 10 and d; = d, = 3, this bound requires n > 17.

However, we can correct one defect at the encoder and
one defect at the decoder by using an [n, k, /] PLBC with
minimum distances d; =4 and d, = 2. The following
[16, 10, 1] modified linear block code with

1000000000011100 |
0100000000011010
0010000000011001
0001000000010110
0000100000010101
0000010000010011
0000001000001110
0000000100001101
0000000010001011
| 0000000001000111 |

G, = [1111111111111111]

1111110000110000
1110001110101000
1001101101100100
0101011011100010
| 0010110111100001 |

is such a code. Note that the block length of 16 is smaller
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than the required block length when the defect information
is not split.

APPENDIX

Proof of Theorem I

Let G;, G, be the generator matrices for an [», k, /] PLBC with
minimum distances (d;, d;). Assume that 2(¢ + max(0, u + 1 —
dy)) < d; and let s, z be a u-defect, t-error memory.

To encode, let iy, i, - -,i, be the locations of s where 5; # A.
Let m = min(dy — 1, u), s" = [s;, 8;,," 55 b

G = [81,.'131,.'2 T gl.i,,,] and Gg= [gO,ilgO,iz T go,i,,,] >

where g, ; is the ith column of G, etc. Then rank (Gg) = m and
there exists a solution d (not necessarily unique) to the equation
dG§ = s’ + wGj{. For this solution, |(x°s) — x|| < max(0, u + 1
— dy)- v

For the decoder let x = wG, + dG,, x’ = w'G, + d’G,, where
w# w,and y = (xos) + z. Then

ly —xll=I(xos)—x+zl| <t + max(0,u+1~d)
and
ly =l =li(xos) —x + zl| > dy — £ — max(0,u+ 1 — dy).

Since t+ max(0,u+1—-dy)<d, —¢t—max(0,u + 1 — d,),
we conclude ||y — x|| <[y — x|

For a given pair of generators G; and G, we can find invertible
matrices A,, A;, and B and a permutation matrix 7 such that
G§ = AyGyIl and G{ = 4,(G,I1 — BGy) are of the form Gj =
[RI,Q]) and G{ = [I,0, ,P], without disturbing the distance pro-
file of the code.

Proof of Theorem 2

The proof of this theorem follows directly from the BCH
bound for cyclic codes (see [11, p. 201]) and the following facts:

a) The minimum distance d, is equal to the minimum distance
of the linear block code generated by A, (x).
b) The minimum distance &, satisfies

d, > min |x].
xH'=0
x#+0

Thus d, is bounded by the minimum distance of the linear block
code generated by g(x).

Proof of Theorem 3

The capacity C for a (&, p(s), &, p(y|x, s), ¥) discrete mem-
oryless memory cell [9], [10] is given by

C= (max U, Y)-I(U;S).
p(u, x|s)

For the ¢-SDMMC, let U= X,a =1 — &, and

1
-, s=A;
q
p(uls) = a, u=s+#M\;
«
R uU*Es+*EA
qg—1
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Then
I(U;Y) - I(U; S)
= H(U|S) - H(U|Y)
=plog(q) + p(h(a) + alog(q — 1))
—h(B)— Blog(q —1)
=p +ph(a) —h(B) +(pa—B)log(q—1)
where p =1 — p, h(x) = —xlog(x) — xlog(x) and B = pe +

p(a + v — ay(q/(q — 1))). Taking the derivative with respect to
a we get

plog(%) —p(l - qYqu)log(%) +(pvq/q —1)log(q—1).

Setting the derivative equal to zero is equivalent to finding the
root of

log(g—) +(1 - qy_?l)log(%) - qy—ql log(g—1)=0.

Proof of Lemma

a) Fix0<y<(g—1/g)—¢esuchthat R <1 — h(e+ y) —
(e + v)log (g — 1), with base g logs.
Since Y-wG=Zand Y- wG=Z— (w — w)G,

P| min |¥ — wG)| < ||Y — WG|
w’EF:
wEw

= P| min Z - wGl| < |IZ]|

<SPZ)>n(e+v)]+ X [PIZ - wGll < n(e+v)]
wEFq"

. n(e+vy) n ;

<Plzi>n(e+Nl+¢ T (F)(a-D

i=0
< P[”Z” = n(( + '}’)] + qk_"q"h(‘+7)(q _’1)"(€+7)
= P[”Z” 2 n(f + 'Y)] + q"(R_1+h(<+7)+(<+y)1og(q._1)).

By the law of large numbers, there exists an n; such that for all-
n>= nl

[NSYR-T

P(lIZl| > n(e+ 7)) <

Since R<1 — h(e+ y) — (e + y)log(g — 1), there exists an n,
such that for all n > n,

2

qn(R~l+h(s+7)+(<+y) log(g—1) < =

[}

Thus we may take n, = max(n,, n,).
b) This proof is suggested by a technique due to El Gamal
[12]. Fix 0 < ¥ £ 1, and define

€= {xEFq"|wG=xforsomewEFq"}
and

Ay={1€F/|Y+z€%,|e|l < ne}.
Then

P| min ||Y — wG|| > ne| = P[|4y| = 0].

t
weF;
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Using Chebyshev’s inequality, one gets

P[)Ayl= 0] < P[||4y| — Eldyll> YE|4yl]
< E[|AY|—E|A2Y|] __9 [|AY‘]2_ (Al)
v*[E|4yl] v?[ Eldy]]

We may write

Ay= Y 1(Y+z)= 21 (Y+1z;)
xeF;
IIXI|<"€
where
af1, xE ¥,
Le(x) 2 {0, otherwise,
ne n A
N=2 (F)@-,
: i
i=0
and z;,2,,"-*,Zy i a lexicographical ordering of all length n
sequences with Hamming weight < ne
Now
N N
ElAyl= Z E[lc(Y“}’ )] = E P[Y+ 2z, €¢9]
i=1 i=1
and

P[Y +7, € %] >P[rank (G) = k] P[Y + 1, € Flrank (G) = k]

[1 — P[rank (G) < k]]g“™"

1-P

U {wG = 0} g
wEFq"
w#0

> [1 - qk~n]qk—n

where the last step follows from the union of events bound. Thus

E|dy| > N¢*~"[1 - ¢* "]
and
[Ejy|]* > N2g** " [1 ~ 2¢4*7"]. (A2)
Next,
) N
B(1A)" = X E[L(Y +2)]
+ Z Z E[1,(¥ + 2)1.(Y + zj)]
i=0 j=0
J*Ei
N
Z P[Y+z,€ %)
N N
Z ZP[Y+z €¢,Y+z7,€¥|
T
and
P[Y+z,€%]= U {(wG=Y+1z)
wEF;
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Also,

PlY+z,€%,Y+1z,€ 9]

U U {(s6=Y+2,wG=Y+7z}

k k
xeFf weF;

Y ¥ P[(x—w)G=z,«—zj]

xeFf weFy
P[xG =Y+ z)(x—w)G=1z,— z,].
Since Y is independent of G,
P[xG=Y+zl(x-w)G=1z—1]
=P[Y=xG-z]=q",
and so we have
P[Y+ 7, €E¥,Y+ 3, € ‘f] < qz(k_")
and
E(l4y)" < Ng*™" + N?g** ™7,
Combining (A2) and A3) we have
62[|4yl] < Ngk=" + 2N2g¥k=m
= N2gUk=m[ N=1gn=k 4 24k~

(A3)

Thus from (Al)
[N—lqn—k + 2qk~—n]
v*[1-24°"]

P(|4y1=0) <

Since

ne X nh(e) ne
g"(g-1)
=Y (- s —t—,
i=0 ! n

where ¢ = 8¢(1 — €)([11, p. 310)),

N—lqn—k < ‘/'C;qn—k—nh(t)(q _ 1)_’"

- qn(l~R-—h(()—(log(q—1)+(l/2n) log (¢n))
b

which approaches zero for large » since R > 1 — h(¢) — elog(q

~ 1). Similarly, g 7" = ¢"®~b goes to zero since R < 1, and we

=4
conclude that there exists an n such that P(|4y| = 0) < 8 for all

n = ng.
Proof of Theorem 4
Fix w € F/ and small A > 0 such that
R > (p+A)(1—h(a)>alog(q - 1)),
R+ R <1-h(p)—Blog(q—1),

where /2 (1 - M)B +2\M(g - 1)/q) and B’ < (¢ — 1)/q.
Define the two random variables

T=max|(x°S) — x|
xEF,;'

Q = min |((wG, + dGy)S) — wG, — dG,.
deF)

Let x = wG, + dG, where [[(xoS) —x||=Qand Y =(x°§) +
Z. Then
P,=P(W+W)

P| min min |J¥ — x| < ||¥Y — x||
weFf d’€F,
wEw
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where x' = w'G, + d’G,. Thus
P, < P[|IT~np|> nA]+ P[|[T—np|<nX,Q>n(p+AN)a]

+P| min min }|¥ — ') < ||Y = x||, for |T — np| < nA,

&
weF d’'eF,

wEw

Og<n(p+MNal.

By the law of large numbers, there exists an 7, such that for all
n>n

P[|IT — np} > nA] < g

By applying the proof of the lemma (part a)), we see that if we
randomly chose G, there exists an n, such that for all n > n,

P[IT-np|<nr, Q> n(p+A)a] <§

since R" > (p + M)(1 — h(a) — alog(g — 1)).
Finally, on the set

(IT—npl<n,Q<n(p+A)a)}

Z =Y - x is an independent identically distributed random
vector with components chosen according to

1- P, z= O$
P(Z=2z)={_P , 2#0,
g-—1
where p < B’. From the proof of the lemma (part b)), if we
randomly choose G, and G, there exists an n; such that for all
n > ns,

P| min min ||Y — x'|| < ||Y ~ x||, for |T — np| < nA,
weFfd'eF,
w#w §
g<n(p+N)a|< 3

since R+ R" <1~ h(B")— B'log(q — 1).
By letting #n > max(n,, n,, n;) we see that there exist PLBC’s
with P, < §, concluding the proof of the theorem.
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