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Algebraic-Geometric Codes and Multidimensional
Cyclic Codes: A Unified Theory and Algorithms
for Decoding Using Grobner Bases

Keith Saints and Chris Heegard, Fellow, IEEE

Abstract— In this paper, it is proved that any algebraic-
geometric code can be expressed as a cross section of an extended
multidimensional cyclic code. Both algebraic-geometric codes and
multidimensional cyclic codes are described by a unified theory
of linear block codes defined over point sets; algebraic-geometric
codes are defined over the points of an algebraic curve, and
an m-dimensional cyclic code is defined over the points in m-
dimensional space. The power of the unified theory is in its
description of decoding techniques using Grobner bases. In order
to fit an algebraic-geometric code into this theory, a change of
coordinates must be applied to the curve over which the code
is defined so that the curve is in special position. For curves
in special position, all computations can be performed with
polynomials, rather than rational functions, and this also makes
it possible to take advantage of the theory of Gribner bases.
Next, a transform is defined for algebraic-geometric codes which
generalizes the discrete Fourier transform. The transform is also
related to a Grobner basis, and is useful in setting up the decoding
problem. In the decoding problem, a key step is finding a Grobner
basis for an error locator ideal. For algebraic-geometric codes,
multidimensional cyclic codes, and indeed, any cross section of
an extended multidimensional cyclic code, Sakata’s algorithm
can be vsed to find linear recursion relations which hold on the
syndrome array. In this general context, we give a self-contained
and simplified presentation of Sakata’s algorithm, and present
a general framework for decoding algorithms for this family of
codes, in which the use of Sakata’s algorithm is supplemented by
a procedure for extending the syndrome array.

Index Terms— Algebraic-geometric codes, multidimensional
cyclic codes, Grobner bases, transform methods, Sakata’s algo-
rithm.

I. INTRODUCTION

ULTIDIMENSIONAL cyclic codes and algebraic-geo-

metric codes have played a more prominent role in the
theory of error-correcting codes in recent years, and there is
hope that these codes will be used in applications in the near
future. These two families of codes have followed divergent
approaches in their generalization of Reed—Solomon codes,
and this has led to the development of two distinct bodies
of research. In this paper, we present a unified theory for
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a new class of codes which includes both multidimensional
cyclic codes and algebraic-geometric codes. Under the unified
theory, the relationship between multidimensional cyclic codes
and algebraic-geometric codes can be made explicit, and the
decoding algorithms for the two families of codes can be
described under a common framework.

The unified theory provides an interesting new perspective
on algebraic-geometric codes, and therefore we find it worth-
while to review some previously known results. In particular,
we give a new presentation of Sakata’s algorithm and its
use in implementing decoding algorithms. Although this paper
contains large amounts of survey material, it also presents two
new techniques which may prove to be quite useful in the
implementation of algebraic-geometric codes.

The first technique is the use of a change of coordinates
to give an alternative presentation of an algebraic-geometric
code in which the representation and calculation of algebraic-
geometric quantities is simpler, and the code is in a form
suitable for decoding. In the new coordinate system, we
need only consider polynomial functions in affine coordi-
nates, rather than dealing with rational functions in projective
coordinates.

The second technique is the definition of a transform,
generalizing the Fourier transform, which may be used with
an algebraic-geometric code (or any of the codes in the
broader class of codes described by the unified theory). The
transform may be described as an infinite. m-dimensional
array with redundancy, which is completely determined by a
finite irredundant subarray, called the proper transform. This
situation is well-known in the decoding algorithm introduced
by Feng and Rao, where certain elements of the syndrome
array are constrained to satisfy a consistency relation. Now,
with the theory of the generalized transform, it is possible
to precisely delineate an independent set of syndromes, and
state consistency relations which will determine the dependent
syndromes. The basic idea behind the transform is that the
consistency relations should be represented by polynomials
which form a Grobner basis for a certain ideal.

1. GROBNER BASES

In this section, we give a brief exposition of Grobner bases,
which have proved to be a useful tool both in the theory of
multivariate polynomials, and in computations involving them.
For more details, see [1]-[3].
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Let F be any field, and consider the ring Flz] =
Flz1,---,zm] of polynomials in m variables over the field
F. A monomial =" is a product of powers of variables, " =
zixy? - -xp; a polynomial is a finite linear combination

of monomials

f (37) = Zf T
r
Here, r = (r1, 72,--+,7Tm) is an m-tuple of nonnegative
integers, and we denote by Z7 the set of all m-tuples of
nonnegative integers.

Write r < s if r; < s; for each 4 = 1, 2,---,m. This
indicates that the monomial " divides #®, and so we refer
to < as the divisibility order. Monomials are considered to
be ordered according to their exponent vectors: thus we say
" < z* if and only if r < s. For m > 2, the divisibility order
is only a partial order on Z7": for example, x; and x3 are not
comparable under the divisibility order.

Define a monomial order on Z7 to be a total order <r
with the property that r <p s whenever 7 < s. Thus
a monomial order is a total ordering which preserves the
divisibility order. Well-known examples of monomial orders
are the pure lexicographic order, the graded lexicographic
order, and weighted-degree orders.

The leading monomial of a polynomial

f@) =) foz*

(with respect to the monomial order <r) is the monomial
x° with nonzero coefficient (fs # 0) that is maximal in the
order <. For a polynomial f(z) we define lead<,.(f) = s,
where z* is the leading monomial of f(z) with respect to the
monomial order <7. The leading coefficient of a polynomial
is the coefficient of its leading term, and is denoted by Ic (f).
In other words, if léad(f) = s, then Ic (f) = fs.

Definition 1: Let F be any subset of the ring F[z] and let
<7 be a monomial order. Define

A< (F)={sel}: leadc,(f) £ s foreach f¢€F}.

(We will write simply A(F) if it is understood which mono-
mial order <7 is used.) Thus A< (F) consists of all exponent
vectors s for which z® is not divisible by the leading monomial
of any member of F.

Definition 2: A set A C 77} is called a delta set if it has
the following property: whenever s € A and r < s, it follows
that r € A.

Definition 3: An interior corner v of A is a integer vector
r € A which is maximal in the divisibility order. That is,
there does not exist s € A with r < s. An exterior corner
s of A is an integer vector s ¢ A which is minimal in the
divisibility order. That is, there does not exist 7 € A with
T < s. The set of interior corners of a delta set A is denoted
by Int A, and the set of exterior comers of a delta set A is
denoted by Ext A. Thus a delta set is completely determined
by its exterior corners, since we can write

A={r: ugr foreach wueExtA}.

Note that for any set F, A<, (F) is a delta set.
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Let I be an ideal in the ring Flz] and F be a finite subset
of I. We say that F generates I, and write I = (F), if any
element of I can be written as a finite linear combination (with
polynomial coefficients) of elements of F.

Definition 4: A set F C I is a Grobner basis for I (with
respect to the monomial order <7) if A<, (F) = A<, (I).

In other words, the leading monomial " of every polyno-
mial g(x) € I is divisible by the leading monomial z* of
some polynomial f(x) € F. We have the following two basic
results about Grobner bases:

1) With respect to any monomial order <, an ideal I has a
Grobner basis F. (In general, 7 depends on the choice
of monomial order.)

2) A Grobner basis F for I generates I as an ideal:
I=(F).

Let an ideal I and a monomial order <t be given. If

.1 € A<, (I), then =" is called a standard monomial; otherwise

z" is called nonstandard. A polynomial which is composed of
only standard monomials is said to be in normal form. Let
f(z) € F[z], and suppose there is a polynomial F(z) that is
in normal form with the property that f(z) = f(x) mod I (this
means that f(z) = f(z) + g(z) for some g(z) € I). Then f
is called a normal form of f with respect to the ideal I (and
the monomial order <7). It is not hard to prove that every
polynomial f has a unique normal form f. Thus in the ring
F[z]/1, each coset of I has a unique representative 7 which
is in normal form. In particular, the zero polynomial is in
normal form and is a representative of I, and so a polynomial
is a member of I if and only if its normal form is zero.

III. ALGEBRAIC-GEOMETRIC CODES

Before giving a definition of an algebraic-geometric code,
we give a brief review of the notation and concepts from
algebraic geometry we shall need later. We concentrate mainly
on affine algebraic curves, since our goal is to apply a change
of coordinates to a projective curve X to obtain a curve
X'’ which is essentially affine in the sense that all of the
calculations relevant to coding theory can be carried out using
the affine description of the curve. Fulton [4] is an excellent
introductory reference for the material in this section, and more
advanced treatments may be found in [S]-[8].

An algebraic curve X is usually presented as the solution set
of a system of polynomial equations. A more precise definition
is the following. Suppose that F is an algebraically closed
field. For any ideal I in the ring Flz] of polynomials, define
the variety of I, V(I), to be the set of m-tuples P € F™
such that f(P) evaluates to zero for every f € I. A set X
of the form X = V(I) for some ideal I in the ring Fz] is
called an affine variety defined over F. (Terminology varies
in the literature; here we follow the convention of [2].) In
particular, m-dimensional affine space, which is the set of ail
m-tuples, F™, is the variety F™ = V{{0}). Corresponding to
any affine variety X is the ideal J(X') consisting of the set
of polynomials f(x) which vanish at every point of X. An
affine variety X is irreducible if it cannot be decomposed into
the union X = X; U X5 of two disjoint affine varieties X
and Xs. The ring F[X] = Flz]/I(X) is called the coordinate
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ring of X. A polynomial function on X is a function ¢(z)
which maps points of X to values in F, and which can be
represented as evaluation by a polynomial: ¢(z) = f(x)
for some polynomial f. Two polynomials f(z) and g(z)
represent the same polynomial function if and only if f(z) =
g(z) mod I(X'), and so polynomial functions can be identified
with elements in the coordinate ring F|X]. Applying the results
of the previous section, we find that every polynomial function
is uniquely represented by a polynomial in normal form
(once a monomial order has been fixed). Assuming that X is
irreducible, the coordinate ring F[X ] is an integral domain, and
its field of fractions is called the field of rational functions on
X, denoted by F(X). The field F(X) of rational functions on
X consists of the set of all fractions f(z)/g(z), where f/g and
1’/¢" are considered to be equivalent if f¢' — f'g € I(X). If
¢ € F(X) is arational function on X which can be represented
as f(z)/g{z) where g(P) # 0, then ¢ is defined at P, and we
define ¢(P) = f(P)/g(P). The set of all functions ¢ € F(X)
defined at P is a local ring Op(X). The point P on X is
nonsingular if and only if Op(X) is a discrete valuation ring,
and the variety X is smooth, or nonsingular, if every point
on X is nonsingular. The field F(X) of rational functions on
X is a field containing F as a subfield, and the dimension of
X is the degree of transcendence of F(X) over F. An affine
algebraic curve is a one-dimensional irreducible affine variety,
and a zero-dimensional affine variety is always a finite set of
points.

Now. let F, be the finite field with g clements, and let
F be the algebraic closure of F,. Suppose X is an affine
algebraic variety defined over F. If I(X) is generated by a
set F which consists of polynomials with coefficients in F,
then X is defined over F,. Define the field of Fg-rational
functions on X to be the subset F (X) of F(X) consisting
of all functions which can be written in the form f(z)/g(z)
where f and g have coefficients from F,. If P is a point on
X with coordinates in F, (P.€ X N IF;"), then P is called
a rational point of X.

The proper setting for algebraic geometry is in m-
dimensional projective space P™, which consists of points
P = (ap: @1:---:ap,), in which the a; € F are not
all zero, and with (ao: ai:---:am,) and (bg: by:---:by)
representing the same point whenever there is a nonzero
A € F such that a; = Ab; for all 4 =0, 1,-- -, m. Throughout
this paper, we identify a point P in m-dimensional affine

space P = (a1, - ,an) € F™ with the point P =
(1: @1:---:am) € P™ in m-dimensional projective space.
The set of points (ao: a1:---:ay,) With ag = O forms the

“hyperplane at infinity,” and m-dimensional projective space
is the result of adjoining the points at infinity to /m-dimensional
affine space. For any set F of homogeneous polynomials in
the variables zg, 1, - ,Zm, we may define the projective
variety of F to be the set V,(F) of points P € P™ such
that f(P) = 0 for all f € F. A polynomial f(z1,---,Zm)
in m variables can be made into a homogeneous polynomial
f*(zo, 21,-++,Zy,) in m + 1 variables by multiplying each
monomial of f by the power of 2o which yields a monomial
whose degree is the same as the total degree of f. If X, is
an affine curve, X, = V(I,), then we may form the ideal
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I = {f*: f € I,}, and define the projective closure X of
Xo by X = V,(I). The projective closure X is the smailest
projective variety containing X,. For a complete development
of algebraic geometry in projective space, consult any of the
standard textbooks: for example, [2], [4], [6]-[8]. We remark
that every rational function on X corresponds to a unique
rational function on X,: F(X) = F(X,).

Let X be a smooth irreducible projective curve defined over
Fq. A divisor on a curve X is a formal sum

G= ngp

PeX

with integer coefficients gp € Z, ony finitely many of which
are nonzero. The support of a divisor G is the set {P: gp #
0}. The degree of a divisor G is the sum

deg G = Z gp.
PeX

A divisor is called effective, written G > 0, if gp > 0 for
all P. Since the curve is smooth, at any point P, Op(X) is a
discrete valuation ring, and thus there is a discrete valuation
ordp which gives the order ordp ¢ € Z of a rational function
¢ at P.If ordp ¢ = a > 0, then ¢ is said to have a zero
of order a at P (in particular, this means that ¢(P) = 0). If
ordp ¢ = —a < 0, then ¢ is said to have a pole of order at P.
Associated with a nonzero rational function ¢ is the divisor

(¢)= Y ordp .

PeX

Associated with any divisor G is the vector space L(G) of
rational functions on X with poles “no worse than G”

L(G) = {¢ € F(X): (¢)+ G > 0} U {0}.

In general, the dimension of the vector space L(G) is given
by the Riemann—Roch theorem, but usually the following will
suffice:

Theorem 5 (Riemann’s Theorem): If deg G > 29 — 2, then

dimL(G) =degG —g+1

where ¢ is a nonnegative integer called the genus of the curve
X.

There are several equivalent ways of defining the genus g
of a curve X, but perhaps the most elementary is to define
g to be the maximum value of deg G + 1 — dim L(G) as G
ranges over all divisors on X.

Let X be a projective curve, and let () be a point of X.
For some values of the integer j, there are no functions ¢
in L(5Q) whose pole order at @ is exactly equal to j. In
other words, L(5Q) = L{(j — 1)Q). In this case, j is called
a Weierstrass gap, or simply a gap, of (). Any integer j > 0
which is not a gap of @ is called a nongap, and it follows
from an elementary argument that in this case,

dim L(jQ) = 1 4+ dimL((j ~ 1)Q).

By induction, it follows that dim L(a@) is equal to the number
of nongaps j < a. The following result is an immediate
corollary of Riemann’s theorem.
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Proposition 6: For a curve X with genus g, and a point
Q € X, there are exactly g gaps, and each gap j satisfies
J < 2g.

Let N(Q) C Z be the set of nongaps of Q. It is always
the case that 0 € N(Q), since the constant functions are
in L(aQ) for all a. If ¢ € L(aQ) is a function with pole
order a, and ¢ € L(bQ) is a function with pole order
b, then ¢y € L((a + b)Q) is a function with pole order
a +b. Thus N(Q) is a semigroup: it is closed under addition
(but not under subtraction). We say that a set of integers
{01, 02,---,0m} C Z generates N(Q) as a semigroup, and
write N(Q) = {01, +,0m), if any a € N(Q) can be written
as

m
a = E 704
=1

for some r € Z77. We say that 01, 02, -, 0m is @ minimal set
of generators for N(Q) if N(Q) is not generated by any set
of cardinality less than m.

A minimal generating set for the semigroup N((}) has at
most g + 1 elements, because the set {o1, 02, --,0441} Of
all nongaps < 2g + 1 always generates the semigroup N(Q)
[9], [10]. The worst case, in which a minimal generating set
actually has g+ 1 elements occurs only when the set of gaps is
{1, 2,---,g}. It will be desirable to minimize the size of the
generating set for the semigroup N(Q), and therefore it will
be desirable to choose Q@ so that its set of gaps is. different
from {1, 2,---,g}.

We review briefly the definition of algebraic-geometric
codes as introduced by Goppa [11], and subsequently detailed
in [51, [9], [10], [12]-[16]. Let X be a smooth irreducible
projective curve defined over F,. Let P, - -, P, be rational
points of X, and let D = P; +- - -+ P,, and GG be divisors over
X with disjoint supports. Then we may define the algebraic-
geometric codes C(D, G) and Cq(D, G) as follows:

Cr(D, G) = {(¢(P1),--,8(Pn)): ¢ € L(G)}
Ca(D, G)

=SceFp: Y ¢;p(P) =0 forall ¢€ L(G)
j=1

(Here, we define Cq(D, G) simply as the dual code of
CL(D, GQ), although it can be explicitly constructed in terms
of differentials on X). Assuming that degG = a, with
2g — 2 < a < n, where g is the genus of the curve X, the
parameters of these algebraic-geometric codes can be easily

estimated by applying Riemann’s theorem [12], [13]
C(D,G): (n,a—g+1l,d>n—a)
Cao(D,G): (n,n—a+g=1,d>a—-2g+2). (1)

The unified theory presented in this paper does not encom-
pass algebraic-geometric codes in their full generality: our
results are restricted to the class of one-point algebraic codes

Cq(D, aQ) defined by a divisor G which is a multiple.

G = aQ of a single point. However, this does not restrict our
ability to design codes using (1), since the choice of divisor
@ affects the estimated parameters only through its degree a.
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IV. MULTIDIMENSIONAL CYCLIC CODES

Let F{~ D% %47 genote the set of m-dimensional ar-
rays of size (¢ — 1) x --- x (¢ — 1) with entries from F,. Let
Z,_; denote the set of integers {0, 1,---,q ~ 2}, and Z}" ;

denote the coliection of m-tuples formed from this set. Then

anch wrd an o EETDIX X (@=1) s e e
cavll wulg W o i q 1> all jre~Jlllicliiniviial mla.y

with entries w, € F, indexed by integer m-tuples, r € Z* ;.
Corresponding to the word w is the polynomial w(z) in m
variables

w(z) = Z wpx”.

TEZ;”_I

The natural definition of an m-dimensional cyclic code is
a subset C' of F™ 1% ¥ yhich is closed under m-
dimensional cyclic shifts of its codewords. We opt to give an
equivalent definition which is more suited for our purposes.
Let a € F, be a primitive root of unity of order ¢ — 1, and

for any r € Z7" 4, let o” denote the point

a" = (", -, 0™y € Fy
Definition 7: Let M C Z7", be a set of integer m-tuples. A

subset C of FS~9% " *4=1) is an m-dimensional cyclic code
of size {(g—1) x - - x (g—1) if the polynomials a(z) associated
with the words of C vanish at the points " associated with
the eclements r € M. In other words, for each ¢ € C and
r € M, we have a(a") = 0. This m-dimensional cyclic code is
denoted by C = Cyc (M). The properties of multidimensional
cyclic codes are studied in [17], [18].

An algebraic-geometric code is based on the evaluation of
certain rational functions on a finite set of points lying on
an algebraic curve. The following definition gives a notation
for defining linear block codes based on arbitrary spaces of
functions evaluated on arbitrary sets of points.

Definition 8: Let P be a finite set of points, P =
{P1,---,P,}, and let £ be a vector space of functions
mapping P to ;. Then we define the codes

C(P7 [’) = {(¢(P1)aa¢(Pn)) (]56 E}
cH(P, L)
=SceFy: Y ¢;p(P) =0 forall el
j=1
The enumeration Py, - - -, P, of the points in P is not important

here, so it becomes more convenient to index the coordinates
of codewords in C*(P, £) by the points of P rather than by
the integers 1,---,n. So we may write

CH(P, L)
= {c € (F)?:

Now we are ready to redefine multidimensional cyclic codes
as codes defined by evaluation of functions over a set of
points. Let F7 denote the set of nonzero elements of F,:
F; = F,\{0}. Also for M C Z7,, let L(M) denote the
linear space of polynomials spanned by the monomials z™ for
r € M.

> epp(P)=0 forall ¢€ E}.

pPeP
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Theorem 9:  Cyc(M) = CH((F;)™, L(M)).

Proof: A word w € Fj is a codeword in the m-
dimensional cyclic code Cyc (M) if and only if w(a™) = 0
for all r € M, and w is a codeword in the code C+((F})™,
L(M)), if and only if

for all + € M. These are equivalent conditions, as the
following calculation shows: for any r € M, we have

Z wex®(a”)

seZ;"_ 1

§ : ,wsas-‘l'

seZ;"_l

Z wex” (af)

sEZ;’Ll

= Z wpz" (P). 2

Pe(FH™

w(a) =

I

where we have made the identification wp = w,, when P is
the point P = &?. [

Definition 10: An extended multidimensional cyclic code is
a code ExtCyc (M) defined by

ExtCyc (M) = CH(Fy, L(M))

- for some M C Z7",. In the extended code, F is replaced by
F,, and so codewords have length ¢™ rather than (¢ — 1)™.
Although the codewords of the extended code can be arranged
in a fairly standard way as arrays of size ¢ x -+ X g, the
code is no longer closed under cyclic shifts, and although the
codewords can be interpreted as polynomials, the code is not
characterized by the zero set of these polynomials.

The blocklength of an m-dimensional cyclic code Cyc(M)
is (¢ — 1)™, and its dimension is (¢ — 1)™ — |M|. The
blocklength of ‘an extended m-dimensional code ExtCyc (M)
is ¢™, and its dimension is ¢" — |M|. We are able to compute
the minimum distance of these codes in the following special
cases.

Example 1 (Reed—Solomon Codes): Let m = 1, and

et M = {1,2,---,7}, MT = {0,1,2,---,r}. Then
Cyc(M) is a (¢ —1,¢ — 1 — r,r + 1) Reed-Solomon
code, and ExtCyc (M ™) is an (g, ¢ — 1 — r, r + 2) extended
Reed-Solomon code (obtained by extending Cyc (M)).
Example 2 (Hyperbolic Cascaded Reed—Solomon Codes): An
m-dimensional Hyperbolic Cascaded Reed-Solomon (HCRS)
code is a code Cyc(H,) and an extended HCRS code is a
code ExtCyc (Hy), defined from the set

H(pi -1)< d}-

=1

Hd = {p & Z;n_lt

An HCRS code Cyc (Hy) has minimum distance d* > d, and
d* > d if and only if Hy; = Hg« [19]-[21]. (The same holds
for extended HCRS codes.) One-dimensional HCRS codes are
Reed-Solomon codes, and one-dimensional extended HCRS
codes are extended Reed—-Solomon codes.
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Let Q be a subset of P. The relationship between the codes
C(P, L) and C(Q, L) is simple: the codewords of C(Q, £)
are obtained by puncturing the codewords of C(P, L): take
a codeword ¢ € C(P, L) and omit the coordinates cp for
each point P ¢ Q. Starting with the code C1(P, L), we
may consider the subcode consisting of those codewords c
for which ¢cp = 0 for each point P ¢ Q. By deleting the
coordinates cp for P ¢ Q in each codeword in this subcode,
we arrive at the code C*(Q, £). Following the terminology of
MacWilliams and Sloane ([22, p. 29]), we say that CJ-(Q, L)is
obtained from C1 (P, L) by taking a cross section. Conversely,
a codeword c in the code C+(Q, £) can be extended to a
codeword in C1(P, £) by setting cp = 0 for each point
P € P not in Q. In this way the code C+(Q, £) can be
identified with the subcode of C+(P, L) consisting of those
codewords ¢ for which ¢p = 0 for each point P ¢ Q.

For any subset P of [F;”, we note that the code
CL(P, L(M)) is obtained by taking a cross section of
the extended multidimensional cyclic code ExtCyc (M) =
CH(Fp, L(M)). In particular, m-dimensional cyclic codes
are cross sections of extended m-dimensional cyclic codes.

V. THE UNIFIED THEORY

In this section, we introduce the term special position to
describe a certain property of an algebraic curve. For an
algebraic curve in special position, certain calculations of
algebraic-geometric quantities are greatly simplified, and as
we shall see in subsequent sections, certain techniques for the
decoding problem associated with an algebraic-geometric code
are possible only when the curve is in special position. Next,
we give a construction by which any algebraic curve may
be put into special position through an appropriate change
of coordinates. The change of coordinates does not change
any of the algebraic-geometric properties of the code, and in
particular, algebraic-geometric codes derived from the curve
are not altered in any way.

Suppose X, is a smooth affine curve in m-dimensional
affine space, and let X be the projective closure of X,. Let
@ be a rational point of X, and let P = {P,---,FP,} be a
set consisting of other rational points of X, and let D be the
divisor D = Py + --- + P,. In the code Cq(D, aQ), Q has
the interpretation as a “point at infinity,” since we consider
functions in the space L{aQ) which blow up only at Q). On
the other hand, the projective space P™ is regarded as the
extension of affine space F7* by a “hyperplane at infinity”
xo = 0. We examine the special case that arises when these
two concepts of infinity coincide: that is, when the chosen
point @ is the only point (rational or otherwise) of X lying
on the hyperplane at infinity.

Although the affine curve X, is nonsingular, it is possible
that the point () is singular on the projective curve X. Every
curve X has a nonsingular model which is a nonsingular
projective curve X which is birationally isomorphic to the
original curve. For details on birational isomorphisms and
the existence of a nonsingular model, see [4], [6]-[8]. The
points of X are called the places of X, and a place Q is said
to be centered at Q if Q) is mapped to () by the birational
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isomorphism. At every point is centered at least one and at
most finitely many places. At any nonsingular point of X,
there is precisely one place centered at that point, and it is
usual to identify the point and the place in this situation.
A singular point of X is called a cusp if there is precisely
one place centered there. We will adopt the convention of
also identifying a cuspidal singularity with its unique place.
Divisors, defined earlier for nonsingular curves, are defined
for arbitrary curves as sums of places with integer coefficients.
We shall assume that there is exactly one place centered at the
point (). This means that either () is nonsingular, or @ is a
cusp. In case @) is a cuspidal singularity, our convention of
identifying @ and @ means that the space L(aQ) is defined
as the space of rational functions ¢ € F,(X) which have
poles only at @ with pole order a or less. This allows us to
define algebraic-geometric codes Cr(D, aQ) and Cq(D, a@)
as usual.

Definition 11: We say that the projective curve X is in

special position with respect to the point @ if

1) The hyperplane at infinity, z¢ = 0, intersects X in
precisely one point, Q).

2) The affine curve X, = X\@Q is nonsingular.

3) There is exactly one place centered at the point Q).

4) For j = 1,---,m, let o; be the order of the pole of the
function z; at () (recall that the function x; is written as
xj/xo in projective coordinates). Then the o; are distinct
and ordered: 0 < 01 < 09 < -+ < O

5) The o; generate the nongaps of @ asa semlgroup each
nongap ¢ may be written as

a = E’I"jOj

using nonnegative integer coefficients ;.

Kamiya and Miura, in [23], characterized planar curves
(curves in P?) which are in special position.

Theorem 12: Suppose the projective curve X is in special
position with respect to the point (). Then the algebraic-
geometric code Cq(D, aQ) is a cross section of an extended
m-dimensional cyclic code '

CQ(Da aQ) = CL(P’ C(Ma))
where D = Py +---+ P, and P = {Py,---, P, }.

Proof: The two codes are defined on the same set of
points, so we only need to show that the two spaces of
functions are the same: that is, we must show that L(aQ) =
L(M,). Recall that each of the coordinate functions z; has
a pole at @ of order o;, and so a monomial function z"
has a pole at () of order Yo,;r;. Thus the pole order of a
monomial function is given by a weighted degree function,
which we may use to define a monomial order. Let <. denote
the weighted-degree monomial order which orders a monomial
z" first according to its order Y o,r; and then lexicographically
with £; < --- < z,,,. Clearly, the set of monomial functions

L(M,) = {z":

is a subset of L(aQ), so the proof follows from the following
proposition.

Yoir; < a}
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Proposition 13: Let X be a projective curve in special
position with respect to the point Q. Let ¢(z) be a rational
function in the space L(aQ). Then there exists a polynomial
f(x) which is equivalent to ¢(x) as a rational function on the
curve X, and which is the sum of terms " of order < a.

Proof: Proof is by induction on a. If a = 0, then ¢(x)
is a function with no poles on the projective curve X, which
can only be a constant function. Therefore ¢(z) is equivalent
to a constant polynomial which is a term of order 0.

Now suppose the proposition is true for all functions in the
space L((a—1)Q). Let ¢(x) be a function in the space L(aQ).
We may assume that the pole order of the function ¢(x) at the
point @ is exactly a, for otherwise ¢(x) € L{(a — 1)Q. The
pole order a is a nongap of ), and since’ X is in special
position, this means that a can be expressed as

a = Xo;r;

for some integers 71, - - -, r,,. Therefore, the monomial func-
tion £” is another function in the space L(a(}) which has pole
order a at (). Since

dim L(aQ) = 1 + dim L((a — 1)Q)
and
2" € L(aQ)\L((e — 1)Q)
it follows that ¢(x) can be expressed as
$(z) = Pz" + Y(z) &)

for some nonzero § € F,, and some ¢ € L((a — 1)Q).
Equation (3) is meant to be interpreted as an equality of
rational functions, but the inductive assumption allows us to
represent ¢(x) as a polynomial which is the sum of terms
of order ¢ — 1 or less. Thus (3) is actually an equality
of polynomial functions in the coordinate ring F,[X,], and
moreover, it expresses ¢(x) as a polynomial which is the sum
of terms of order a or less, which concludes the inductive
proof. ]

Proposition 14: 1et X be a projective curve that is in
special position with respect to the point . The order of any
polynomial function f on X, may be calculated as follows.
Let f be the normal form of f with respect to the ideal T(X,)
and the order <.. Then the order of f is the order of the
leading monomial of f.

Proof: Suppose that there are two monomials z” and
z° of the same order g, both of which are standard for the
ideal I(X,) with respect to the order <.. We may suppose
that s <. 7. There exists some nonzero § € F, such that
the polynomial g(z) = =" — [Sz® has order a — 1 or less.
Applying Proposition 13,.it follows that g(z) is equivalent to
a polynomial h(z) which is the sum of terms of order ¢ — 1
or less. Define

f@) =" - Bz® — h(z). @

Then f(x) = 0mod I(X,), or in other words, f(zx) € I(X,).
Since f is a member of the ideal I(X,), and its leading
monomial is ", it follows that £" is a nonstandard monomial,
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giving a contradiction. Thus we have proved that there is at
most one standard monomial of any order.

Now assume that f(z) is a polynomial, and let f(z) be
its normal form (with respect to the ideal I(X,) and the
monomial order <.). Then f is the sum of terms of distinct
orders, and so the order of f is the order of its leading term.

|

Iet X be the Hermiti iven. in affine
et XA bel 111 ven, 1n amnne

Example 3: 1e Hermitian curve given, in affir
coordinates, by the equation z"t* —y" —y = 0 over F,, where
g = r2. This curve is nonsingular and in special position.
The unique point on the hyperplane z = 0 at infinity is the
point QQ = (0: 0: 1), expressed in projective coordinates as
(z: z: y). The coordinate functions z/z and y/z have orders
01 = r and 02 = r + 1. The Hermitian curve has r° + 1
rational points, so we may choose the divisor D to be the
formal sum of the r3 rational points other than (), and form
an algebraic-geometric code Cq(D, aQ).

Because the Hermitian curve is in a special position, it has
many nice properties, which explains why it is so widely used
as an example in the literature of algebraic-geometric codes.
The technique outlined in this paper of putting curves into
special position can be seen as a means of making every
algebraic-geometric code behave in a similarly nice fashion.

Theorem 12 allows us to relate algebraic-geometric codes
with extended m-dimensional cyclic codes and their duals, as

shown in the following diagram:

CFT, L(M,)) ' PP, £(M.,))
l punc |l c-s
Cr(D, aQ) k=3 Ca(D, aQ)

Thus codes of the form Cp(D, a)) are obtained through
puncturing (indicated in the diagram by “punc”), and codes of
the form Cq(D, aQ)) are obtained through the dual operation
of taking a cross section (indicated in the diagram by “c-s”).

Next, we will show that starting from an arbitrary projective
curve X and an arbitrary place @@ on X, there is a change of
coordinates which puts X in special position with respect to .
We seek a projective curve X’ which is in special position, and
a birational isomorphism X — X’. Let X be a nonsingular
model of X. (Computation of X is investigated in [24].) There
is a birational isomorphism X — X, and thus it suffices to find
a birational isomorphism X — X’. Hence, we may assume
without loss of generality that X is nonsingular.

Given a set of nongaps {01, +,0m}, 0 < 01 <03 < -+ <
om, which generates the semigroup N(Q) of all nongaps,
choose rational functions ¢; € L(0;Q) such that the pole order
of ¢; at @@ is exactly o;. We do not assume that the o; are a
minimal generating set. A standard construction in algebraic
geometry is the mapping from X\{Q} to F* given by

P (¢1(P)’,¢m(P))

(This is the mapping associated with the linear system asso-
ciated with the ¢;.) Let X! be the image of X under this
map, and let X’ C P™ be the projective closure of X/ . Porter
[9] investigated the use of this mapping to put an algebraic
curve in special position, and his results are summarized and
extended in the following theorem.
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Theorem 15: The map P v+ (¢1(P),- -, ¢m(P)) extends
to a birational isomorphism of X and X’. The projective curve
X' is in special position with respect to the point Q" € X'
which is the image of @ under the extended map X — X’.
The algebraic-geometric codes defined from X and X' are
identical when a point P € X is identified with its image
P’ € X', In particular

CL(D', aQ') = CL(D, aQ)

Co(D', aQ") = Co(D, aQ).

Proof: See Appendix I. |

Corollary 16: Let X be any projective curve, and let () be
a place of X. Then the code Cq(D, aQ) is a cross section of
an extended multidimensional cyclic code.

Note that in the map X — X', the curve X’ is embedded
in m-dimensional projective space, where m may be different
from the dimension of the space in which the original curve X
is embedded. In fact, m is equal to the number of semigroup
generators for N(Q).

If {01, -+, 0441} is the complete set of nongaps < 2¢g + 1,
then the set {¢1, - - -, ¢y41} actually forms a basis for L((2g+
1)Q). Then X’ is the image of a complete linear system, and
by a well-known result in algebraic geometry, this implies
that X’ is nonsingular. This shows that X’ may always be
embedded as a nonsingular curve in P91 which is in special
position. However, to minimize the dimension m of the space
P™, we should not insist that X’ be nonsingular, as long as
it is in special position.

In order to represent X/ in the usual way as an affine
curve, we would like to find a set of polynomials F in m
variables whose solution set is the curve X, = V(F). From
the proof of Theorem 15, X! = V(I), where I is the ideal
consisting of all polynomials f(y) € Fyly1,- -, ¥m], such that
f(d1,- -, ¢m) € Fg(X) is equivalent to zero as a rational
function on X. In other words, we want to find the ideal I
of all polynomial relations satisfied by the rational functions
¢1,-, ¢m. Computation of a generating set for the ideal I
may be accomplished using a modified version of the Rational
Implicitization algorithm described in [2, pp. 131-132].

Example 4 (The Klein Quartic): (Portions of this example
are due to [9].) The Klein Quartic is a curve X defined in the
projective plane by the equation

3 3 3
xgT1 + xiTy + THx0 = 0.

We consider this curve over the field Fg. We choose the
point @ = (0: 0: 1), and proceed to calculate the gaps of
@ and functions corresponding to the nongaps. This curve has
genus g = 3, and the three gaps of @ are {1, 2, 4}. The
semigroup N(Q) is generated by 3, 5, and 7. Therefore, we
seek functions ¢4, @2, ¢3 € L(7Q) whose pole orders are 3,
5, and 7, respectively. We may take

T2
¢1($02 Ty .’172):——
Ty
122
Po(zo: 1t T2) = —5
. 330
3
o _ %2
(]53(1’0. Ty .TQ) m%xl
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Thus we make a change of coordinates from (zo: z1: z3)
to (yo: y1: y2: ys) which maps the curve into projective
3-space. The ideal of the curve X’ is the collection of
all polynomial relations satisfied by the functions ¢;. The
equations of the curve X! are given by a generating: set
{91, 92, g3, 94} for this ideal

91 (1, Y2, ¥3) = y1ys + ¥3 + n
92(y1, 2, ¥3) = Yays + Vi
2 3
93(Y1, Y2, ¥3) = y3 +yiY2 +¥3

9a(y1, Y2, Y3) = ¥5 + ¥i + y19e.

(These four polynomials form a Grébner basis for I(X')
with respect to the monomial order <. induced by the pole
orders (01, 02, 03) = (3, 5, 7).) The unique point on X’ in
projective coordinates (yo: y1: ¥2: %s3) which intersects the
hyperplane g = 0 is the point Q' = (0: 0: 0: 1). In the
new coordinates, we may write any rational function in the
space L(aQ) as a polynomial in 3, ¥, and ys. Once we have
computed the new coordinates (y1, y2, ys) of ail of the points
P!, we no longer need the functions ¢, @2, and ¢3.

In this example, the point @’ is a cuspidal singularity, but
this does not prevent us from defining algebraic-geometric
codes. However, if it is preferable to have a nonsingular curve
X", then; according to the comments following Theorem 15,
we can embed the curve in P* by choosing (0}, 0, 0}, 0}) =
(3,5,6,7) to be the complete list of nongaps < 2g + 1.
Then we may set ¢ = ¢1, ¢y = ¢2, ¢5 = ¢, ¢} = ¢
The equations defining X* will then be {g, g5, g5, 94, 9},
where gg(ylv Y2, Y3, y4) = gi(yla Y2, y4)’ for i = ]-7 2a 37 4
and g5(y1, y2, Y3, Ya) = y3 + v

VI. THE GENERALIZED TRANSFORM

In this section, we define a transform which is useful in
studying a code C which is a cross section of an extended
m-dimensional cyclic code C = C+(P, L(M)). When P =
(Fy)™, C is a multidimensional cyclic code, and in this
situation, the transform is the usual m-dimensional discrete
Fourier transform. Thus the transform we present here can be
viewed as a generalization of the discrete Fourier transform.

Definition 17: Assume that P C Fg*. The transform on
(Fg)? is the map which takes a word w € (F,)” to an
(infinite) m-dimensional array W € (F,)?%) defined by

Ws = Z wpz®(P),
PeP

seZ7.

Note that the transform is defined for a collection P of
points in affine, not projective, space. Associated with the finite
set of points P, there is the ideal I(P) in the polynomial ring
Fqlz] = F4lz1, - -, 2] consisting of polynomials which van-
ish at these points. Since P consists of points with coordinates
in F,, the polynomial m? — z; will also be a member of the
ideal I(P) for j = 1,---,m. In case P is a set of rational
points on a curve X, the polynomials which define the curve
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X will also be members of the ideal I(P). Let <t be a fixed
monomial order. Define Ap = A<, (I(P)) to be the set of
integer vectors s such that z® is a standard monomial with
respect to I(P).

Definition 18: The proper transform is a map from (F,)”
to (Fq)®”, which takes a word w € (F,)” to the finite
“subarray” Wa, of its full transform W.

Now we state an important result which says that the delta
set of an ideal counts the points of the ideal’s zero set.

Theorem 19: Let I = I(P) be the ideal of a finite set of
points P C F*. Then the following quantities are equal:

1) The dimension of F,[z]/I as a vector space over F,.

2) The number of standard monomials |A<_ (I)| with re-
spect to any monomial order <p. -

3) The number of points |P].

Proof: The fact that every polynomial f € F,[x] has a
unique normal form shows that the standard monomials form
a basis for F,[z]/I. Another basis for F,[z]/I is obtained
by considering a set of polynomials {fp(z): P € P} with
the property that fp(P) = 1, and fp(Q) = 0 for each
Q € P\{P}. Clearly, each fp is in a distinct coset of F,[z]/I
and if g(x) is any polynomial, then

o(z) = 3 9(P)fr(z)mod 1. .

PcP

Theorem 20: The transform w — W is a one-to-one linear
map from (F,)” to (F,)?¥ and the proper transform w +—
W a, is one-to-one and is a surjection onto the space (F,)2”
(i.e., invertible on (F,)47).

Proof: The linearity of the transforms follows directly
from the definitions. First we prove that the proper transform is
one-to-one. Let w be a word whose proper transform W, is
identically zero. Let P be any point in P. Choose a polynomial
A(z) € Fglz] which vanishes at every point of P except
P. Now, reduce A(z) to its normal form A(zx) which is a
polynomial made up of monomials " for r € Ap, and we
have the following equality:

0= ETGAP Z1'VV'r = ZrZrEQGP szr(Q)
= Sgep wQA(Q) = wpA(P).

Since P was arbitrary, we may conclude that w = 0. Since
the proper transform is a linear map, this shows that it is one-
to-one. Thus the full transform is also one-to-one, since the
proper transform is a subarray of the full transform.

By Theorem 19, the cardinality of Ap is the same as the
cardinality of P. Thus the proper transform is a linear map
between vector spaces of the same finite dimension. Since the
proper transform is one-to-one, the dimension of the image of
(F¢)" under the transform is |P|, which shows that the proper
transform is a surjection. [ ]

Example 5: Let P = (F;)™. Then a Grobner basis (with
respect to any monomial order) for I(P) is given by {1 -1,
-,z 1 —1}. Then Ap = {8: s; < ¢—2 for all j}, and the
proper transform w — W |, can be evaluated by interpreting
w as a polynomial w(x) and evaluating: W, = w(a®). This
is the m-dimensional discrete Fourier transform. (See [25] for
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details of the one- and two-dimensional versions of the discrete
Fourier transform.)

Example 6: Consider the Hermitian curve X, C F3; de-
fined by z° — y* —y = 0 over Fy6. Let Q be the unique
point on X at infinity, and let P be the set consisting of the
other 64 rational points. Let <. be the weighted-degree orders
which orders a monomial 'y’ first according to its weighted
degree 4: 4 5j, and orders monomials with the same weighted
degree according to the exponent j. One can check that a
Grobner basis for I(P) with respect to the weighted-degree
order <. is given by {y* — 2® + y, z'% — z}. The set of
standard monomials is given by the set

Ap = {G, §):

and the proper transform w +— Wa, is a isomorphism of
64-dimensional vector spaces over Fig.

0<i<16,0< 7 <4}

VII. THE ERROR LOCATOR IDEAL

In the decoding problem, we assume that a codeword
c in a cross section of an extended m-dimensional cyclic
code C+(P, L(M)) is transmitted over a noisy channel and
corrupted by an error word e € (F,)?, so that the word
w = ¢+ e is received by the decoder. The decoder seeks to
determine the error word e, and at least conceptually, this task
may be accomplished by first determining the error locations
and then the error values. The error locations, or support of
the word e € (F,)” is defined as the set supp(e) = {P €
P: ep # 0}. In this section, we relate the set of error locations
with an ideal which describes the linear recursion relations
satisfied by the syndrome array.

Another, equivalent, way of posing the decoding problem is
to determine the transform FE of the error word. By definition
of the code C*+(P, L(M)), whenever s € M, the correspond-
ing entry C, of the transform C of the codeword ¢ vanishes:
C,s = 0. Therefore, for s € M, the entry E, of the transform
of the error word may be obtained directly by computing the
entry Wy, = E; of the transform W of the received word
w = ¢ + e. The entries E,, s € M, are thus the syndromes
of the error word. The values of the remaining entries of the
array I are initially unknown to the decoder, and although
these unknown entries are not syndromes in the usual sense,
we shall refer to them also as syndromes, and refer to E as
the syndrome array.

Example 7: Consider again the Hermitian curve over F 4 as
in Example 6. Consider the (64, 46, 13) algebraic-geometric
code Cq(D, 23Q) = C(P, L(My3)). Let a be a primitive
element of ¢ satisfying the equation a* + @+ 1 =0. Let e
be an error word of Hamming weight 6

_ 11
6(1,(18) =

€(a?,al?2) = Otl4
— 2
€ad,a2) = &
€lall,ad) =&
€(al2 at) = 0114
e(am’an) = a3

ep =0, otherwise.
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The entries E;; of the two-dimensional syndrome array asso-
ciated with this error are

J

0 1 2 3 4 5 6
0 0 o 1 0 of *
1 a2 a® a? af o«
2 1 a? 1 o %

i g a o o x % (&)

4 0 1 * * *
o a¥ = * * :
6 * * :

The syndromes FE;; are known only for 4¢ 4+ 55 < 23, and
unknown syndromes are indicated by the symbol .
Definition 21: Let

flx) =X fex® €Flzy, -, Tm)

be a polynomial in m variables. The m-dimensional array E
is said to satisfy the m-dimensional linear recursion relation
with characteristic polynomial f(z) if

Z feEerr =0, for all ¥ > 0. (6)
8

(Note that r, s € Z7 are vectors of nonnegative integers,
and that the sum is finite since the polynomial f(z) has only
finitely many nonzero coefficients f;). The m-dimensional
linear recursion relation represented by the polynomial f(z)
is said to be valid for the m-dimensional array E if (6) holds.

Definition 22: The set of characteristic polynomials of all
valid m-dimensional linear recursion relations for the syn-
drome array E is called the error locator ideal, and is denoted
by V(E).

Theorem 23: The syndrome array FE satisfies the m-
dimensional linear recursion relation with characteristic
polynomial f(z) if and only if f(P) = 0 for all error locations
P ¢ supp (e). In other words, V(E) = I(supp (e)).

Proof: First note the following identity for any r € Z7:

ZfsEs+r = Zfs Z €P$s+r(P)

8 PcP

Z epz'(P)Zfs:c’(P)

Pesupp (€)

> erf(P)a"(P) )

Pesupp (e)

The identity (7) shows that if f(P) = 0 for P € supp (e),
then f(z) is the characteristic polynomial of an m-dimensional
linear recursion relation satisfied by the syndrome array F.

To prove the converse, assume that the m-dimensional linear
recursion relation defined by f(z) is a valid relation for E.
Define the word a by ap = ep f(P). Then identity (7) implies
that

Z apa:"(P) = 0,

for all r € 77
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or in other words, the transform A of a is identically zero.
From this it follows that the word « is identically zero, and
so for each error location P € supp (e), we have ep # 0, and
therefore f(P) = 0. u

It is interesting to note that since all words are supported
on the set P, the polynomials in the ideal I(P) give m-
dimensional linear recursion relations which are automatically
satisfied by any transform array. In other words, I(P) C
I(supp(e)) = V(E). In order for the decoder to take this
information into account, a Grébner basis F for the ideal I(P)
should be available. Using the mn-dimensional linear recursion
relations determined by the polynomials in the set F, the
(redundant) entries of any transform array may be computed
from the entries of the proper transform. We also emphasize
that in the case of an algebraic-geometric code defined over a
curve X, the equations of the curve determine the ideal I(X)
which is also a subset of V(E), but the ideal of the points
I(P) D I(X) gives slightly more refined information about
what is known about the syndrome array.

VIII. SAKATA’S ALGORITEM

As a consequence of Theorem 23, the error locations
supp (e) may be determined from the set of m-dimensional
linear recursion relations valid on the transform E of the
error. Although the decoder does not know the full array F,
it does know a large enough portion of the array to determine
some valid recursion relations. This idea is a generalization of
the Berlekamp—Massey algorithm [26], [27] which determines
the error locations for a Reed-Solomon code by computing a
minimal recursion relation (or shift register) which is satisfied
by the syndromes.

Sakata [28], [29] developed an algorithm for determining the
set of linear recursion relations satisfied by a multidimensional
array. Sakata’s algorithm forms a framework for a decoding
algorithm, but we must also make some extensions to the orig-
inal algorithm since we are ultimately interested in relations
satisfied by the infinite array F, and also because we want to
take into account the additional information that the members
of the ideal I(P) give relations which are automatically valid
for the array.

Choose a monomial order <7 on the monomials in m
variables. Associated with the error locator ideal V(E) is
the delta set A<, (V(E)). A minimal Grobner basis F for
the ideal V(E) consists of characteristic polynomials of m-
dimensional linear recursion relations that are satisfied by the
m-dimensional array F and have minimal leading monomials.
Thus F is a minimal polynomial set, in the terminology of
Sakata, for the array E.

According to Definition 21, an m-dimensional linear recur-
sion relation represented by a polynomial f(z) € Flx] is valid
for the m-dimensional array FE if the equation

E.fsEr—i—s =0

holds for all r > 0, but now we shall consider the case in
which the equation

EfsEr+s = 0
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is satisfied on some subarray of E. We regard the entries of
the m-dimensional array E as being ordered according to the
order <7. Then we may rewrite (6) to express the largest entry
of E (this is the entry F,, where v = r +lead (f)) as a linear
combination of the previous entries E,, p <1 u

-1
E-u. = _lc (f) Z flead (f)——'u.+pEp- (8)

r<Tu

Definition 24: The m-dimensional linear recursion relation
represented by the polynomial f(x) is said to be invalid for the
m-dimensional array E at entry Ey if u > lead (f) (compared
according to the divisibility order) and

-1
Ey 75 m Z flead (f)—u+pEp-

r<tu

Otherwise, the m-dimensional linear recursion relation rep-
resented by the polynomial f(z) is said to be valid for the
m-dimensional array E at entry E,.

Note that this definition leads to the convention that when-
ever u % lead (f), the m-dimensional linear recursion relation
represented by the polynomial f(x) is automatically valid
at entry F,. This is because when u # lead (f), it is not
possible to relate the elements E, for p <r u according to
the m-dimensional linear recursion relation represented by
the polynomial f(z). However, when u > lead(f), it is
required that (8) holds for the m-dimensional linear recursion
relation represented by the polynomial f(z) to be valid at
entry E,. It should be stressed that in the rearrangement of
(6) as (8), we isolate the entry F,, which is greatest according
to the particular monomial order <7 which has been chosen.
Therefore, the notion that a m-dimensional linear recursion
relation is valid or invalid at a particular entry E, depends
implicitly on the choice of monomial order.

Definition 25: We say that the m-dimensional linear recur-
sion relation represented by the polynomial f(z) is valid for
the m-dimensional array E up to entry E,, if it is valid at
each entry E,., for all r <1 u. The collection of characteristic
polynomials of all m-dimensional linear recursion relations
valid for the m-dimensional array E up to entry E,, is denoted
by Vu(E).

Rewriting (8), we see that a polynomial f(x) is in the set
Vu(E) if and only if

ZfsEr-i-s =0,
s

for all r € Z7" such.that r +lead (f) <7 u. (9)

Note that validity of an m-dimensional linear recursion rela-
tion at an entry F,, or validity for all entries up to entry FE,,
depends only on the entries E, of the m-dimensional array F
up to entry F,: the entries Ep, for <7 p can be changed
arbitrarily without affecting the validity of an m-dimensional
linear recursion relation up to entry FE,,.

The set V,,(E) fails to be an ideal because it is not closed
under addition. On the other hand, the set V,(F) is closed
under monomial multiplication:
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Theorem 26: Suppose f(z) € Vu(F), and let g(z) =
z? f(x). Then g(x) € V,(FE).

Note that any relation valid on the entire array is valid on a
subarray, so V(E) C V,,(E) for any u. Furthermore, if r <r s,
then any relation valid up to entry s is also valid up to entry
r, and so Vi(E) C V,.(E). Letting u* denote the successor to
% in the monomial order <, we have

0 <r u <r ut <r o0
Folz] 2 VuE) 2 Vie(E) 2 V()
@ < AVu(E)) < AVu(E) C A(V(E)).
In other words, as u increases according to the monomial order
<r, the delta set A(V,(F)) increases in size, starting from the
empty set, until its final value A(V(E)). The size of this delta
set measures the number of errors which have occurred.
Theorem 27: Assume that {E,: r € Z'!'} is the syndrome
array for an error pattern e. Then the size of the delta set
A(V(E)) is equal to the number of errors which have occurred

IAV(E))| = llellu
(this is the Hamming weight of the word ¢) and
IAVu(E))] < llella,

Proof: By the Error Location Theorem (Theorem 23),
the error locator ideal V(F) is the ideal V(E) = I(supp (e))
corresponding to the set supp (e)) of points. Each of these
points P € supp(e) identifies a distinct error location, and
hence the number of points, is equal to the number of errors
which have occurred: |supp (e)| = ||e]|z. But in Theorem 19,
it was shown that the size of the delta set associated with
an ideal of the form I'(supp (e)) equals the cardinality of the
point set supp (e), and so |A(V(E))| = |le]lg. Forallu € 777,
A(Va(E)) € A(V(E)) and thus |A(Va(E))]| < [lell-

The definition of a minimal polynomial set for the set V,,(F)
is the same as the definition of a Grobner basis (Definition 4),
the only difference being that the set V,,(F) is not an ideal.

Definition 28: Let A(V,(F)) be the delta set associated
with the set V,(E). A set F C V,(F) is called a minimal
polynomial set for Vo,(E) if A(F) = A(Vu(E)).

The delta set A(V,(E)) consists of the monomials which
do not occur as the leading term of any polynomial in the set
Vu(E). For this reason, Sakata called A(V,(E)) the excluded
point set.

The output of Sakata’s algorithm is a minimal polynomial
set F, consisting of the characteristic polynomials of m-
dimensional linear recursion relations which are valid for the
array E up to some specified entry F,. The validity of the
polynomials in the set F can be checked by applying (9),
but the minimality of their leading monomials is not self-
evident. Therefore, it will be necessary to provide additional
information, in the form of another set G of polynomials,
called a witness set, which will serve to verify that the leading
monomials of the polynomials in the set F are indeed minimal.

Definition 29: Let f{z) be the characteristic polynomial of
an m-dimensional linear recursion relation which is valid for
all entries E, up to, but not necessarily including entry E,,.
Define the predicted value for the entry E, associated with

for all w € Z7.

1743

f(=)

Pu(f) = 10)

C( Z f]ead (fH)— u—l—pE

p<7U

The value P,(f) predicted for the entry E, by a polynomial
f(z) is just the right-hand side of (8), and therefore the
m-dimensional linear recursion relation represented by the
polynomial f(z) is valid at entry FE, of the m-dimensional
array F if and only if the actual value of entry F, is equal
to the pred;cted value Pu\_//

Theorem 30 (Agreement Theorem): Suppose that the m-
dimensional linear recursion relations represented by the
polynomials f(z) and g(z) are valid for the m-dimensional
array F at all entries £y preceding entry FE, (that is, for
g <r u), and suppose u > lead(f) + lead(g). Then the
polynomials f(z) and g(z) agree in their prediction for the
value of the array entry E,

Pu(f) = Pu(g)

Proof: See Appendix II. |
Definition 31: Let g(x) be the characteristic polynomial of
an m-dimensional linear recursion relation which is valid for
the m-~dimensional array F at all entries preceding the entry
E.,, but which is invalid at entry F,. The span of g(z) is
the vector

Span (g) =
and the discrepancy of g(z) is the quantity

69 =le (g)[Eu - Pu(g)] = ngES-I-Span (9) 7é 0.

Theorem 32, first proved by Sakata in his original paper [28],
is the m-dimensional generalization of a theorem originally
proved by Massey [27].

Theorem 32: Suppose g ¢ Vu(FE).
A(Vyu(EY).

Proof: See Appendix IL ]

FExample 8: Consider again the syndrome array in Example

7. Let

— lead (g)

Then Span(g) €

glz, y) = xy + oMz? + oy + otz 4+ of.

Then the two-dimensional linear recursion relation

11 13 11 6
Eij=a Egyja+a By jta B 4o’y i

associated with the polynomial g(z, y) is valid for all syn-
dromes prior to entry (2,2), but is invalid at entry (i, j) =
(2, 2). In other words, the recursion relation is valid for
(1, 7) = (2, 1),(1, 2),(3, 1) (all (3, 5) satisfying lead (g) =
(1, 1) < (4, §) <z (2, 2)), but is invalid for (i, §) = (2, 2).
Thus Span(g) = (2, 2) — (1, 1) = (1, 1), and so Theorem
32 implies that (1, 1) € A(V;,o(E)); there is no polynomial
with lead term xy which defines a recursion relation which is
valid up to entry (2, 2).

Definition 33: Let g(x) € Flz]\V(FE). Then the polyno-
mial g(z) is called a witness for the point Span (g).

The idea behind Definition 33 is that the polynomial g(=)
verifies, through Theorem 32, the fact that Span(g) is a
member of the delta set A(V(E)).
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Definition 34: Let G C F[z]\V(E) be a set of polynomiais.
The set G is called a witness sef for the delta set A if G
contains a witness for each interior corner of the delta set A.
We write A = Span (G). If G is a witness set for the delta set
A, then we know immediately that the interior corners of A
are members of the set A(V(E)). Since A(V(E)) is a delta
set, this implies that A C A(V(E)).

The following theorem shows how a set F can be verified
to be a minimal polynomial set, given an appropriate witness
set G. The idea is that the witness set § determines certain
points which must be inside the delta set A(V,(E)), and the
polynomial set 7 determines points which must be outside
A(Vu(E)), and when the two boundaries match, the delta set
is known exactly.

Theorem 35: Suppose F C V,,(F) and suppose that G C
Flz]\Vu(F) is a witness set for the delta set A(F). Then
A(F) = A(Vyx(E)), which implies that F is a minimal
polynomial set for V,(E).

Proof: Because G is a witness set for A(F), we have
A(F) C A(Vy(E)). On the other hand, F is a subset of
Vu(E), and so it follows that A(Vy(E)) C A(F).

Theorem 36: Suppose F C V(FE) and suppose that G C
Flz]\V(E) is a witness set for the delta set A(F). Then
A(F) = A(V(E)), which implies that F is a Grobner basis
for the ideal V(E).

Proof: The proof is the same as the proof of Theorem 35.

The basic data used by Sakata’s algorithm is a pair of sets
F and G, where F is a minimal polynomial set, and G is a
witness set. A single iteration in Sakata’s algorithm takes a
minimal polynomial set F for the set V,(F) and a witness
set G for the delta set A(V,(F)) and produces a minimal
polynomial set F* for the set V,+(E) and a witness set G+
for the delta set A(V,4(E)). Note that the output is just an
updated version of the input, so the algorithm in Fig. 1 can be
iterated. In fact, in Fig. 1 we have actually extracted the inner
loop of the algorithm originally presented by Sakata.

Sakata’s algorithm (Fig. 1) breaks down into three stages.
In the first stage (lines 1-4), the polynomials in the set F,
which are known to give valid m-dimensional linear recursion
relations for all entries of the array up to entry F,,, are tested
for validity at the next entry F,+. Any polynomial which fails
to be valid for the next entry F,+ may be used as a witness,
and these new witnesses are collected in the set N.

In the second stage (lines 5-8 of Fig. 1), the excluded point
set A = A(Vy(E)) is updated using the new witnesses from
the set /. The updated delta set A consists of the original
delta set A of excluded points witnessed by the polynomials
in the set G, along with any new excluded points which have
been discovered by the new witnesses. It should be noted that
it frequently occurs that one or more of the new witnesses
f(x) € N is a witness to a excluded point Span (f) which
is already in the delta set A. Furthermore, the operation of
appending a new excluded point r to the delta set A must
take into account that all points s < r must be appended to
the delta set as well, so that the updated set AT is also a
delta set.

By the end of the second stage, an updated witness set G
has been constructed which is a witness set for the updated
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Input:

E, an m-D array,
u, anindexu€ZP,
F, aminimal polynomial set for Vu(E),
G, a witness set for Vu(E)

Output:
F*, a minimal polynomial set for Vy+(E),
G*, a witness set for Vy3+(E)

tLet FF={feF :lead(f) < ut}

2 for each f € F', do

s  Compute Pu+(f')=1—ci% Z flead(n)-u++p Ep
p<rut

s Let N={feF : Pa+(f) # Eu+ }

s Let Gt =GUN

¢ Let AT = Span(G™")

7 for each f € N, do

s Compute §; = le(f) [Bu+ — Pu+(f)]

for each s € Ext At do

o

10 begin

11 if there exists f € F \ N with lead(f) = s,
12 then

13 Let h(®)(x) = f(x)

14 elseif s £ u*,

15 then

16 begin

17 Find f € N with lead(f) <s

18 Let h(8)(x) = xS~1e2d() f(x)

19 end

20 else

21 begin

22 Find f € N with lead(f) <s,

29 Find g € G with Span(g) > ut — s,
24 Let q = s —lead(f) -

25 Let p = Span(g) —u* +s

26 Let h(®)(x) = x4 f(x)— (-gi)xpg(x)
27 end !

28 end

29 Let Ft = { A(®)(x)
Sakata’s algorithm.

. s € Ext AT }
Fig. 1.

delta set A™*. The third stage (lines 9-29 of Fig. 1) consists of
computing an updated set 7T of polynomials which are valid
for the m-dimensional array up to entry E+: FT C Vi (E),
and for which A(F*) = A™T. Once this is done, it follows
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TABLE 1
OUTPUT OF SAKATA’S AGORITHM
(G,j) | 4i+5) F 4 A
(0,0) 0 {fo} 0 0
0o 1 2 3

(1,0) 4 {fl)f?} o . . . .
(0,1) 5 {fs, f2} [
(2,0) 8 {fs, fa} e N
(1,1) 9 {f5:f4} 2 . . . .
(0,2) 10 {fs, fz, fa} L2
(3,0) 12 {fo, fr, f3} O e oo @
(2,1) 13 {fs, f9, f10} {fs, fo} 1] e ¢ o
(1,2) 14 {11, fiz, fro}
(0,3) 15 {f13, f2, f10} e ve e

0
(4,0) 16 {f13, fr2, fia} 1
(3,1) 17 {f13, fis, fis} s, fro} 2

3 . . . .
@2 18 {Fi, F1r: f1o} b1 2 3
(1,3 19 {18, fi7, fis} Op e o g
(5,0) 20 {f18, iz, frs} 1
(0,4) 20 {fis, iz, e} | {fi5, fro} R B
(4,1) 21 {f18, foo, fa1} 2| o | o o e
(3,2) 22 {f1s, faz, for}
(2,3) 23 {18, f22, far} i
(6,0) 24 {f18, faz, foa}
(1,4) 24 {f18, f2a, fo3} o 1 2 3
(5,1) 25 {f18, a4, fas} ol e ol s
0,5) 25 {f18, f24, fas}
24,2; 26 %fm,fzq,fzs} 1l e ol o o
3,3 27 f18, fos, fos}
(7,0) 28 {f18, faa, fa6} Wodnd o | W 070
(2,4) 28 {18, faa, fa6} 3| e | o o
(6,1) 29 {f18, faa, fas}
(1,5) 29 {f18, f24, f2s} o B

from Theorem 35 that F+ is a minimal polynomial set for
Vut (E), and that G is a witness set for A(V,+ (E)).

In order to satisfy the condition A(F*) = A™, polynomi-
als A®)(x) are computed whose leading monomials are the
exterior comers s of the delta set AT. Therefore, in order to
prove the correctness of the algorithm, we need to prove the
following lemma:

Lemma 37: Bach polynomial 7(*)(x) computed in lines
9-28 of Fig. 1 satisfies :

lead (R®) = s

h®)(x) € Vyr (E).

Proof: See Appendix II. [ |
Example 9: Table I lists the output of Sakata’s algorithm
when it is applied to the syndrome array given in (5). Each
row of Table I is labeled with a pair (¢, 7) corresponding to an
entry E; ; in the syndrome array. The syndromes are ordered
according to their weighted degree 4:¢ + 5j, and when the
weighted degrees are the same, they are ordered by the largest
value of j. For each (i, j), Table I lists a minimal polynomial
set F and a witness set G for the delta set A = A(V; ;(E)).
(In some cases, the same witness set G and delta set A applies
to several rows of Table 1) The polynomials fx(z, y) referred
to in Table I are listed in Table II.
To illustrate, consider entry (3, 1) of Table I. The table
indicates that the set F = {fis, fi5, fi6} is a minimal poly-
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TABLE 11

PoLYNOMIALS USED IN THE OUTPUT OF SAKATA'S ALGORITHM
fU(Ivy) =1

filz,y) =y

f2(zvy) = o’

falz,y) = y+a’z

fslz,y) = y+oz+ot

fs(z,y) = ¥ +’zy+oiy+oie

flz,y) = zy+fz?4ots

falz,y) = 2*+alz+al?

folz,y) = ay+a’z?+atz+1

fio(z,y) = 2+ aBytatz+o”

fuley) = y+eleyt+alyta’rtatt

fiz(z,y) = zy+a®2?+aly+axta®

fis(zy) = v +olzy+afy+ofetal

fialz,y) = 28 +aPzy+ate’ 4o’z +al®

fis(z,y) = zy+allz? 4oty +allz4af

fis(z,y) = 22+ alPzy+ata?+ally+als 4ol
fur(z,y) = zly+atlz® +alPzy+atlz? +oly+ otz + o
fis(z,y) = Y¥P+eaf%zy+ea®z? +ay+oaz+ad
fislz,y) = 28+ aPzy+alr?4allytar+1

foolz,y) = 2?y+otled +al¥zy+a72? + oy + a4 o°
falz,y) = 28 +a®22+y+aista

fa(z,y) = 2ly+a'lzd +olry+ote? oy +ale+ol?
faa(zy) = 4’22 +zy+ a2 +afy+aldz 41
faa(z,y) = 2ly+oaxd+alry+a’z+ally+alle +ab
fos(z,y) = zt+a'?2® fary+ b2+ Py + bz +of
fos(z,y) = zr+atzd 4oyt ale? + oy 4o’z +ald

nomial set for the delta set A(V3 1(FE)). In other words, these
three polynomials represent two-dimensional linear recursion
relations which are valid for the syndrome array £ for all
entries up to Fj 1, and their leading terms, y?, zy, and
23, respectively, correspond to the exterior corners (0, 2),
(1, 1), and (3, 0) of the delta set A(V3 1(E)). A witness
set for the delta set A(Va ;(E)) is listed as G = {f5, fi0}.
Thus the polynomials fs(x, y) and fio(z, y) represent two-
dimensional linear recursion relations which have failed to be
valid at some entry of the syndrome array preceding FE 1,
and they satisfy Span (f5) = (0, 1) and Span (f10) = (2, 0),
corresponding to the interior corners (0, 1) and (2, 0) of the
delta set A(V3 1(E)).

The successor to u = (3, 1) in the monomial order <. is
ut = (2, 2), and Sakata’s algorithm is applied to find 7+ and
g*. Since lead (fig) = (3, 0) £ (2, 2), it is not possible to .
predict the value of E5 7 using the two-dimensional linear
recursion defined by the polynomial fi6, and so this two-
dimensional linear recursion relation is (by definition) valid
for all entries up to (2, 2). The recursion relation defined by
f13 predicts that £ o = 1, and the recursion relation defined
by fi5 predicts that E5 o = o8 The true value of Fs 5 is 1,
and thus

N ={f15}, Gt ={fs, fio, f15}

Span (fi5) = (2, 2) — (1, 1) = (1, 1)
and
AT =AU {(1, H}.

(Note that fi5(z, y) is the same as the polynomial g(z, y)
considered in Example 8.) Since the polynomial fi5 is a
witness for the point (1, 1), the polynomial fs, which was
a witness for the point (0, 1), may be discarded from the set
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1 begin

2 Initialize: u=0,F = {1},G =0

s  Repeat :

4 if syndrome Ey; 1s unknown,

5 Compute Ey (SYNDROME EXTENSION)
6 Run Sakata’s algorithm to obtain (F*+,G7)

7 Update:

8 Fe—Ft

9 G—gt
10 u — ut, according to MONOMIAL ORDER

11 until TERMINATION CRITERIA are satisfied
12 end

Fig. 2. General decoding algorithm.

G™. The exterior corners of At are (0, 2), (2, 1), and (3, 0),
and so we must find polynomials with leading terms 42, 2%y,
and 23, respectively, which give relations valid for all entries
up to (2, 2). Since the polynomials f13 and f1¢ are valid up to
(2, 2), we need only find a polynomial fi7(z, y) with leading
term z2y. Using the computation described in line 26 of
Fig. 1, we find )

fir =z fis(z, y) + (815/65) fs (=, ¥)
= .’Ef15($, y) + a3f5($7 y)
= 2% + o128 + aay + olla? + o’y + o'z + o,

Thus we have a minimal polynomial set 7+ = { f13, fi7, fie}
and a witness set Gt = {fi5, fio} for the delta set
A(Vy,2(E)), as listed in Table I.

IX. DECODING METHODS

In the decoding problem for a cross section of an extended
multidimensional cyclic code, we have seen that the error lo-
cations correspond to the zeros of an error locator ideal V{E)
and that Sakata’s algorithm may be used to determine V(E).
However, the use of Sakata’s algorithm requires full knowl-
edge of each syndrome, and in the decoding problem, some of
the syndromes are unknown. Therefore, decoding algorithms
which have been developed for multidimensional cyclic codes
[19], [20] and algebraic-geometric codes [30]-[32] have had to
rely on a supplementary procedure for computing the values
of additional syndromes.

In this section, we look at the general decoding problem
for cross sections of extended multidimensional cyclic codes,
and consider the issues which must be addressed in order to
create a decoding algorithm for a specific code. Fig. 2 shows
a template which may be used to describe a general decoding
algorithm for cross sections of extended mutidimensional
cyclic codes. In order to obtain a concrete algorithm from this
template, one needs to specify which monomial order is used,
what syndrome extension rule is used, and what termination
criteria are used. We show how the known decoding algorithms
for multidimensional cyclic codes [19], [20] and algebraic-
geometric codes [30]-[32] can be fit into this template.
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We have defined a broad class of codes C-(P, L(M)),
defined by an arbitrary collection P of points, and an arbitrary
collection M of monomials, but aside from the two examples
of HCRS codes and algebraic-geometric codes, we do not
know how to determine, or design, the minimum distance of a
general code in this class. If, in the future, other codes of the
form C+(P, L(M)) are designed, then the template in Fig.
2 may be useful in creating a decoding algorithm for these
codes. Another possible avenue for exploration is to invent
a specific decoding method based on the template, and then
try to determine how the code must be designed to fit the
decoding method.

Whether or not the template decoding algorithm has any
future application, it at least serves to make a comparison of
the known decoding algorithms for HCRS codes and algebraic-
geometric codes. The most prominent feature in these algo-
rithms has been the use of a syndrome extension method
which in both cases led to a significant improvement in the
error-correcting capability over previously known algorithms.
These syndrome extension methods operate according to the
same principles: when an unknown syndrome is encountered,
the algorithm makes a “guess” at its value, and proceeds as if
the syndrome were known to have that value. At some later
point in the algorithm, it becomes apparent if the guess was
correct or not, and if it was incorrect, the decoding algorithm
reverts back to the point at which the guess was made, and
tries another guess in its place. If this is to be an efficient
procedure, we must ensure that the candidate values for the
unknown syndrome may be chosen from a fairly short list,
and that the correctness of the candidate value may be decided
fairly quickly. As we shall see, the known decoding algorithms
for algebraic-geometric codes and HCRS codes succeed on
both of these counts.

A Hyperbolic Cascaded Reed—Solomon code is a multidi-
mensional cyclic code of the form Cyc (H,) where Hy is the
set defined in Example 2. In the decoding algorithm for HCRS
codes, any monomial order <7 may be used to govern the
iterations of Sakata’s algorithm. The pure lexicographic order
is an interesting choice because it gives detailed information
on the configuration of the error, and facilitates solving for
the error locations. In [19]-[21], it is shown that syndrome
extension may be performed by the procedure shown in Fig.
3. The resulting decoding algorithm is able to correct all error
patterns of weight ¢ or less for the HCRS code Cyc (Ha¢11).

In order to use the algorithm of Fig. 2 for an algebraic-
geometric code Cq(D, a@), the curve X must be put into
special position with respect to (). The monomial order used
must be the weighted-degree monomial order <. (as defined
in Theorem 12), induced by the orders of the coordinate func-
tions. Whenever an unknown syndrome FE,. is encountered, the
syndrome must be considered as part of a block of syndroimes,
defined by monomials «* of the same weighted degree

B= {Es: isioi = irioi}.

Recall that the polynomials in the ideal I(P) give m-
dimensional linear recursion relations which are automatically
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1 begin

2 for each f(x) € F,

3 begin

4 Compute the predicted value Py+(f)
5 end

6 LetV={Puy+ : fEF}

7 for each candidate value v € V,

8 begin
9 Assume that Ey+ = v
10 Run Sakata’s algorithm for a single iteration
11 if |[AT] > ¢,
12 reject the candidate value v
13 if [At] <,
14 accept the candidate value v,
15 (and reject any remaining candidates)
16 end
17 end
Fig. 3. Syndrome extension for HCRS codes.

satisfied by any transform array. It can be shown that these
linear recursion relations can be used to determine any
syndrome within a block B from any other syndrome in
the same block, assuming all syndromes previous to the block
are known. Thus the assignment of a candidate value to a
single syndrome in the block B implies a unique assignment
of the other syndromes in the block, resulting in a candidate
block. This leads to the syndrome extension scheme shown in
Fig. 4, which is based on the original idea of Feng and Rao
[30], [32]. The resulting decoding algorithm is able to correct
all error patterns of weight ¢ or less for the algebraic-geometric
code Cq(D, a@) with designed distance at least 2¢ + 1.

We consider the case of bounded distance decoding, in
which the decoder is only required to correct errors of Ham-
ming weight less than a given parameter ¢. In the course of
Sakata’s algorithm, the delta set A = A(V,(E)) grows until
its cardinality is equal to the Hamming weight of the error
word (Theorem 27). Thus if the assignment of a candidate
value to an unknown syndrome leads to growth of the delta
set A so that its cardinality exceeds ¢, it may be conciuded that
either the candidate value is incorrect, or the error pattérn has
weight exceeding t, and is therefore considered undecodable.
This makes it clear that the procedures in Figs. 3 and 4 perform
correctly when they decide to reject certain candidates. The
real issue is the correctness of their decisions to accept certain
candidates. The reader should consult the original references
([191-[21] for HCRS codes, and [30], [32] for algebraic-
geometric codes) for proofs of the validity of these syndrome
extension rules.

In the decoding of HCRS codes (Fig. 3), it can be shown
that any incorrect candidate value for the unknown syndrome
can be rejected, in the manner described above, on the next
iteration of Sakata’s algorithm. This means that a candidate
value may be accepted as the true value of the unknown
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1 begin
2 Form a block B of unknown syrdromes

s foreach f(x) € F,

4 for each r € B,

5 begin

6 Compute Pr(f)

7 Extend to a predicted block
8 end

9  for each candidate block

10 begin

11 Run Sakata’s algorithm

12 until the end of the block B

13 if [AY] > ¢,

14 reject the candidate block

15 if At <t,

16 accept the candidate block

17 (and reject any remaining candidates)
18 end

19 end

Fig.'4. Syndrome extension for algebraic-geometric codes.

syndrome if the delta set A does not grow to a size exceeding
t on the next iteration. In the decoding of algebraic-geometric
codes (Fig. 4), it is known that any incorrect candidate value
for the unknown syndrome will be rejected within a fixed
number of iterations, corresponding to a block of unknown
syndromes. Therefore, a candidate value may be accepted as
the true value of the unknown syndrome if after the specified
number of iterations, the size of the delta set still does not
exceed .

The choice of termination criteria in Fig. 2 depends on
a choice between two strategies for performing the overall
decoding. One decoding strategy is for the decoder to fill
in syndromes until the proper transform has been completed.
Then the inverse transform may be applied, yielding the error
word itself. A second strategy is to perform the syndrome
decoding algorithm until we are certain that F is a Grobner
basis for the error locator ideal V(E). At this point, the
error locations are found by solving for the common zeros
of the polynomials in F, and the error values are found by
interpolation.

Example 10: We continue the decoding example with the
syndrome array in (5) for a Hermitian code Cgq(D, 23Q),
which is capable of correcting any pattern of six or fewer
errors. The last known entry of the syndrome array is E3 3,
and after processing this syndrome the decoder has produced
a minimal polynomial set F = { fis, f22, f21}, and a witness
set G = {fi5, fo1}, for V5 3(E), as listed in Table I. Next,
the decoder encounters the unknown syndrome FEg ¢. This
unknown syndrome must be processed as part of a block of
syndromes of order 24

B =1{(6,0), (1, 4)}.
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The two-dimensional linear recursion relation represented by
f21 predicts that Fg o = o3, and the two-dimensional linear
recursion relation represented by fig predicts that Ey 4 = o®.
According to the two-dimensional linear recursion relation

represented by the polynomial y* — x> — y, the relation
B4~ Ego—FE; ;=0

is satisfied by every syndrome array, and so either of the
two unknown syndromes in the block B is determined by
the other. Thus the values for the two unknown syndromes
may be extended to two predicted blocks B; and Bs: these
are predictions for the simultaneous values of the entire block
B of syndromes.

Bli (EG,O = a13, E1’4 = aS)

Bg: (Ee,’() = OLG, E1,4 = 042).

Assume that the first candidate block B; is correct, and
continue Sakata’s algorithm. Under this assumption, the two-
dimensional linear recursion relation represented by fo; re-
mains valid at the syndrome Eg o, so no change takes place
on the first iteration. Proceeding to syndrome E; 4, we find
that according to our assumption, the two-dimensional linear
recursion relation represented by fig is invalid at (1, 4),
and so the point Span (fis) = (1, 2) must be appended to
A, and (0, 2) must be appended as well (to make a well-
formed delta set). Hence, A will have seven elements. Since
we assume that no more than six errors have occurred, we
reject this candidate biock. Return to syndrome Eg o and
consider the other candidate block B, instead. Now, the two-
dimensional linear recursion relation represented by fo; is
invalid at {6, 0), and so the point Span (f21) = (3, 0) must
be appended to A. The new minimal polynomial set is then
Ft = {fis, fa2, foz}, where

fos =z fo1 + B f

12x3+wy+a13x2+a6y+a13x+ 1

=z*+a
and the new witness set is G+ = {fi5, fo1}. Proceeding to
syndrome F; 4, we find that the two-dimensional linear recur-
sion relation represented by fig remains valid at the syndrome
E; 4, so no change takes place on this iteration. The code
Ca(D, 23Q) is capable of correcting six errors, and the delta
set A has six points upon completion of the block B, so
according to the syndrome extension rule (Fig. 4, the predicted
block Bs is accepted and the values Eg, o = of and F 4 = o?
are assigned to the unknown syndromes.

All further syndromes must be computed in the same way,
by using predicted values, and deciding the correct candidate
based on the size of the delta set. After a few more iterations,
the minimal polynomial set converges to a Grobner basis for
the error locator ideal V{E). This Gribner basis is given by
the set F = {fis, foas fo6}, where

fis = ¥° + o2y + 2% + ay + az + &°
fos = 2%y + az® + oPry + a"2? + oty + ol + ab
fas = x* + oz 4 azy + o2 + Py + oPz + o3
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In principle, the six error locations may be found as the com-
mon roots of these three polynomials. In practice, however, it
may be more efficient to continue generating syndromes until
it becomes possible to apply an inverse transform.

APPENDIX 1
PROOF OF THEOREM 15

Theorem 15: Let X be a smooth projective curve, let ()
be a point on X, and let N(Q) be the set of nongaps for
Q. Assume that we have a set of integers {01, --,0m},
0 < 01 < 0g < -+ < 0p, which generates N(Q) as a
semigroup, and rational functions ¢; € L{0,,Q) such that the
pole order of ¢; at @ is exactly o;, for each 2 = 1,---,m.
Define the map from X\{Q} to Fi?

P (¢1(P)a"'7¢m(P))‘

Let X/ be the image of X under this map, and let X' C P™
be the projective closure of the affine curve X .

1) The map P — (¢1(P), -, ¢m(P)) extends to a bira-
tional isomorphism of X and X'.

Proof: For a function ¢, write its divisor as (¢) =
(¢)o — (¢)oo Where (P)o, the divisor of zeros, and (¢), the
divisor of poles, are effective divisors. On the set Uy = X\(Q,
we map o

PP =1 ¢1(P):-:dm(P)).

On the set Uy = X \(¢pm)o, we map
P P = (1/$m(P): $1(P)/$m(P)i---:1).

The two maps are consistent on U; N Uy, and @) is mapped
to the point @’ = (0: 0:---:1). Thus the map extends to a
map on ail of X.

Let L(coQ) be the set of all rational functions on X with
poles only at @

oo

L(00Q) = UL(r{Q).

a=0

Since L(coQ) is closed under sums and products, it is a
subring of the field of rational functions F,(X). We show that
the field of fractions of L(coQ) is the function field F,(X).
Suppose ¢ € F,{X). Riemann’s theorem (Theorem 5) implies
that for a sufficiently large, L(a@ — (¢)o) is nonempty. Thus
there is a function ¢ € L{aQ) with (1) > (¢)eo. Let x =
1. Then  has poles only at @, and hence x € L{co@®). This
shows that the original function ¢ was a fraction ¢ = x /4.
Now we show that X — X’ is a birational isomorphism by
showing that their function fields are isomorphic: F (X) =
Fq(X”). Since dim L(aQ) < 1+ dim L((a — 1)Q) for each
a, we see (by induction) that a basis for L(aQ)) is obtained
by choosing, for each nongap j < a, a rational function
x; € L(§Q) whose pole order at @ is exactly j. Since
the o; generate N(Q) as a semigroup, each nongap j is
obtained as the sum j = Xr;o; for some r € 77, and
hence the “monomial” ¢" = ¢7* - -- ¢/ can be taken as the
function ;. Thus certain monomials in the ¢; form a basis
for L(aQ), and hence any function in L(aQ) is a polynomial



SAINTS AND HEEGARD: ALGEBRAIC-GEOMETRIC CODES AND MULTIDIMENSIONAL CYCLIC CODES

in the ¢;. Since a is arbitrary, every function ¢ € L(coQ)
can be expressed as a polynomial in the ¢;. Define a ring
homomorphism o:  Fyly1, -+, ym] — L(coQ) which maps
y1 — @1, ,Ym > ¢m. Then the above argument shows
that o is surjective.

Now suppose that a polynomial f(y1,---,ym) is in the
kernel of the map o. Then f(¢1,---,é.) is a function in
F,(X) which is equivalent to the zero function, and thus
for any point P’ € X!, f(P') = 0. Hence f € I(X).
Conversely, if f € I(X]), then f(¢1,- -, dm) is a function in
F,(X) which vanishes at every point (rational or otherwise)
of X\{Q}. The only rational function which can vanish on

an infinite set of points is the zero function, so f is in the

kernel of o. This shows that the kernel of the map o is the
ideal I(X)).

Thus L(co®)) is isomorphic to the quotient ring
F,ly]/I(X.). But this is in fact the coordinate ring F,[X].
Since these two rings are isomorphic, their fields of fractions
are isomorphic, proving that F,(X) = F (X"). Thus X — X'
is a birational isomorphism. [ ]

2) The projective curve X' is in special position with respect
to the point Q' € X’ which is the image of () under the
extended map X — X'.

Proof: By construction, )’ is the unique point on the
hyperplane at infinity. Note that since X is a smooth curve,
it is a nonsingular model of X’, and so the points of X are
the places of X’. Thus @ is the only place centered at Q'
Also, the orders of the coordinate functions yy,- -, Y, are
just the orders of the rational functions ¢;, so they are distinct
and ordered, and generate the semigroup N(Q) = N(Q') of
nongaps for the point Q’.

The only thing remaining to show is that the points P’ of
X! are nonsingular. To do this, we show that the local ring
Op/(X') is a discrete valuation ring, by showing that it is
isomorphic to Op(X), where P is a place of X centered at
P’. The isomorphism between function fields maps a rational
function

f(yla"' 3ym)€Fq(Xé)

to a rational function

b= F(B1, - bm)/9(P1,- - bm) € Fo(X).

If f/g € Op(X'), then we may assume that g(P’) # 0, and
hence g(¢1(P), -+, ¢m(P)) # 0, and thus ¢ does not have a
pole at P. Thus we have a (one-to-one) map from Op:(X’)
to O P(X )

Suppose now that ¢ is an arbitrary element of Op(X).
Consider its divisor (¢). of poles. If we choose a large
enough, Riemann’s theorem implies that

dim L(aQ — ($)o0) = 1 + dim L(aQ ~ (§)oo — P)

and so there is a function ¢ € L(coQ) with (¥)o > (#)oo
and (P) # 0. Now let x = ¥¢. Then x has poles only at
Q, and so x € L(0oQ). Since any element of L(coQ) is a
polynomial in the ¢;, write

P =g(¢1, - Pm),

7ym)/g(y1)

X:f(¢17’¢m)

1749

Then
g(P') = g(¢1(P), -+, ¢m(P)) = %(P) # 0
and hence f/g is an element of the local ring Op:(X’) which
corresponds to the element x /¢ = ¢ of the local ring Op(X).
Thus we have shown that the two local rings are isomorphic,
and hence P’ is nonsingular. This completes the proof that X’
is in special position with respect to Q’. u
3) The algebraic-geometric codes defined from X and X’

are identical when a point P € X is identfied with its image
P’ ¢ X', In particular

Cr(D', aQ") = Cr(D, aQ)

Ca(D', aQ’) = Ca(D, aQ).

Proof: Any codeword in Cr(D, aQ) is of the form
c=(p(Pr), -+, (Pn))

for some ¢ € L(aQ). But ¢ = f(¢1,---
f(yl7" 'aym), and f S L(GQI) Thus

c=(f(P]), -, f(P)

is a codeword in Cr(D’, aQ’). Conversely, if f € L(aQ’),
then ¢ = f(¢1, -+, Pm) € L(aQ), and so the codewords

c=(f(P), -, f(P))
of Cp(D', aQ') are codewords

, ) for some

c=(¢(P1), -+, ¢(Fn))
of Cr(D, a@). Since these two codes are the same, their dual
codes are also the same. [ |

APPENDIX II
VERIFICATION OF SAKATA’S ALGORITHM

Theorem 30 (Agreement Theorem): Suppose f(z) and g(z)
are valid up to all entries ¢ <t u, and suppose » > lead (f) -+
lead (g). Then f and g agree in their prediction for the value
of E,

Pu(f) = Pu(g)-

Proof: By changing variables, we may rewrite (10) as

-1
Py(f) = > feBetucreaa(ny. (D
le (/) < lead
s<r lead ()
By hypothesis, E; = Py(g), for lead(g) < q <r u. Note
that u — lead (f) > lead (g), and so whenever s <r lead (f),
it follows that s < (s + u — lead(f)) <7 u, and therefore

Es+u—lead €3] = Ps+u—lead £ (g) Thus we may aPPIY (1)
to obtain

Pu(f) =

-1
c(
- -1 P

= I (f) Z fs s+u—lead (f)

s<r lead (f)

z fsEs+u—1ead €))]

s<r lead (f)

Sy

)

1
e (f)le(g)
Z fs Z GrEr i (s4u—lcad (f))~lead (g)-
s<r lead (f) r<r lead(g)
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By symmetry, the same expression must hold true when we
reverse the roles of f and g

1
Pu(g) = — s
9= e
> g D faEai(rru—tend (9))—lead ()-
r<r lead (g) s<7 lead (f)

Careful examination of these two expressions shows that they
are just rearrangements of the same sum, and so we have

proved that P,(f) = Pu(9). |

Theorem 32: Suppose g ¢ Vu(E). Then Span(g) €
A(Va(E)).

Proof: Let r = lead(g) + Span(g). Then the m-

dimensional linear recursion relation represented by g(x) is
valid for all entries F, for ¢ < 7, and is invalid at entry F,

Pr(g) # Er. (12)
Moreover, r <r u, since the m-dimensional linear recursion
relation represented by g(z) is not valid for all entries up
to E,. Suppose there exists a polynomial f(z) € V,(E)
with lead (f) = Span (g). The m-dimensional linear recursion
represented by the polynomial f(z) is valid at entry E,., and
so Pr(f) = E,. Putting this together with (12), we find that
P.(f) # Pr(g). On the other hand, the polynomials f(x)
and g(x) satisfy the hypotheses of the agreement theorem
(Theorem 30), which implies that P,.(f) = Pr(g), and so we
have reached a contradiction. Thus there does not exist any
polynomial f(z) € V,,(E) with lead (f) = Span (g). u
Lemma 37: Each polynomial h(®)(z) computed in lines
9-28 of Fig. 1 satisfies

lead (h(®)) = s
RO (5) € Vi (E),

Proof: The computations of the polynomials h(®)(z) in
lines 9-28 break down into three mutually exclusive cases: In
case a) (lines 11-13), there exists a polynomial f(x) € F\N
with lead (f) = s. In case b) (lines 14-19) there does not
exist a polynomial f(x) € F\N with lead (f) = s, and
s §§ uT. Finally, in case c) (lines 20-27) there does not exist
a polynomial f(z) € F\N with lead (f) = s, and s < u™.

Case a): The polynomial h(®)(z) = f(z) has the required
leading monomial lead (f) = s. The polynomial f(z) is
a member of V,(E), so f(x) represents an m-dimensional
linear recursion relation which is valid for all entries up to
E,. Moreover, the fact that f(z) ¢ AN shows that the m-
dimensional linear recursion relation represented by f(z) is
still valid at the entry E,+. Therefore

h®)(z) = f(z) € Vyu (E).

Cases b) and c): In both cases b) and c), it is required to
find a polynomial f € N with lead (f) < s. We show that
this is possible, before proceeding to analyze cases b) and c)
individually.

The point s is an exterior corner of the updated delta set
A, which contains the original delta set A(Vy,(E)) = A(F).
First, we assume that s is not an exterior corner of the delta
set A(F). The point s is nonetheless a point on the exterior of
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A(F), and so there exists a polynomial f(z) € F whose
leading monomial lead (f) is an exterior corner of A(F),
satisfying lead (f) < s. The fact that s is an exterior corner
of the new delta set AT thus implies that lead (f) must be in
the interior of A™, for otherwise lead (f), and not s would be
an exterior corner of AT. Since

lead (f) € AT C A(V,+ (E))

there is no polynomial with leading term lead (f) which is
valid for the m-dimensional array E up to entry E,+. Thus
we can conclude that f(z) was found to be invalid at entry
E,+, and therefore f(x) € N, as required.

Now, we assume that s is an exterior corner of the delta set
A(F). Thus there is a polynomial f(x) € F with lead (f) = s.
Moreover, f(x) must be in the set N, or else case a) would
apply. Therefore, in cases b) and c), it is always possible to
find a polynomial f(z) € N, with lead (f) < s.

Case b): Clearly, h{®)(z) has lead (h(®)) = s, and since
s 7{ u™t, it is not possible to predict entry F, using the m-
dimensional linear recursion relation represented by h(®)(z).
Thus h{®)(z) will be valid up to entry E,+ if and only if it
is valid up to entry F,. But A*(z) is a monomial multiple
of f(z), and so by Theorem 26, h*(z) € V,(F). Therefore,
h’(a:) S Vu+(E)

Case c): First, we must show that it is possible to find ¢ €
G with Span (g) > u™ — s. Suppose that it is not possible. This
means that ut — s is in the exterior of A(F), and therefore,
uw' — s > p for some exterior corner p of A(F). There exists a
polynomial f’(x) € F with leading monomial lead (f') = p.
Then we have lead (') + lead (f) < p+ s < u*, and so by
the agreement theorem (Theorem 30), the polynomials f/(z)
and f(z) must have made the same (incorrect) prediction for
Ey+. Thus f'(z) € N and hence Span(f') = ut — p was
one of the new excluded points used to form the set A, and
therefore, ut — p € A*. But now s < ut — p implies that
8 is in the interior of A*, which means that we have arrived
at a contradiction. Thus it is always possible to find g € G
with Span(g) > ut — s.

Next, we verify that the polynomial k(%) (z), given in line
26, has the required leading term. The polynomial h(®)(z) is
given as the sum of two polynomials. The first polynomial is

zs—lead (f)f(a:)

which has leading monomial s. Note that g is not valid up to
entry E,, and thus

lead (g) + Spang <7 u 7 u*
In the expression for 4(*)(x), the second polynomial is

xSpan(g)—u+ +Bg($)

which has leading monomial
Spang — u* + s +lead (g) 8.

Thus lead (h(®)) = s.
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To see that A(®) is valid up to entry E,+, we assume that q
satisfies ¢ > lead (h®) = s, and ¢ <7 u*, and compute

le (B)(Eq = Py(h®)) = 3" hpEpiq s

bf
=1 - ()7
- ()

where the two terms 77 and 75 are obtained from the expan-
sion of the coefficients hp

Ty = Z fp—s+lead(f)Ep+q—s
p
= Z ftEH—q'—lead(f)
t
:1C(f)[Eq_Pq(f)]

— O’
=165,

Ty = ng—Span(g)+u+ —sEp+q~s
p

forg<pu’
for g = u*

= Z gtEt+q+Span(g) —ut
t

—1e(0)| B¢ - Py (o)

_Jo
= 5g,

Here, we have made the substitution

for ¢’ T lead (g) + Spang,
for ¢ = lead (g) + Spang.

¢ =g+ Spang —u" +lead (g)

0,
n:{a
gy

Putting the two terms back together, we find

and so

forg <t u
for ¢ = u*.

_ (8) . 0, fOI'qST’U.
lc(h)(Eq Py(h ))“{07 for g = u*

proving that h(®)(z) is valid at entry E.. |
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